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INVOLUTIVE HEEGAARD FLOER HOMOLOGY 


KRISTEN HENDRICKS AND CIPRIAN MANOLESCU 


Abstract. Using the conjugation symmetry on Heegaard Floer complexes, we define a 
three-manifold invariant called involutive Heegaard Floer homology, which is meant to 
correspond to Z 4 -equivariant Seiberg-Witten Floer homology. Further, we obtain two new 
invariants of homology cobordism, d and d, and two invariants of smooth knot concordance, 
Vo and Vo- We also develop a formula for the involutive Heegaard Floer homology of large 
integral surgeries on knots. We give explicit calculations in the case of L-space knots and 
thin knots. In particular, we show that Vo detects the non-sliceness of the figure-eight 
knot. Other applications include constraints on which large surgeries on alternating knots 
can be homology cobordant to other large surgeries on alternating knots. 


1. Introduction 

In [23], the second author resolved the remaining cases of the triangulation conjecture, 
by showing that there are manifolds of every dimension n > 5 that cannot be triangulated. 
The proof involves the construction of a Pin(2)-equivariant version of Seiberg-Witten Floer 
homology. (Pin(2) is the group consisting of two copies of the complex unit circle with a 
map j interchanging them such that ij = —ji and = —1.) From the module structure of 
this homology one extracts three non-additive maps 

a,/3, 7 : ©I —)■ Z, 

where 0| denotes the three-dimensional homology cobordism group. The maps a, /3 ,7 
are analogous to the Fr 0 yshov-type correction terms arising from monopole or Heegaard 
Floer homology jelttslES], but have the additional property that their reduction mod 2 is 
equal to the Rokhlin invariant. Furthermore, we have f3{—Y) = —/3(y) for any homology 
sphere Y. This implies the non-existence of elements of order 2 in 0| with odd Rokhlin 
invariant, which in turn disproves the triangulation conjecture—in view of the previous 
work of Galewski-Stern and Matumoto mm- 

The construction of Pin(2)-equivariant version of Seiberg-Witten Floer homology in |24) 
uses finite dimensional approximation, following |23| , and it is only applicable to rational ho¬ 
mology spheres. Doing calculations with this method is rather difficult, and at the moment 
only accessible when one has an explicit description of the Seiberg-Witten Floer complex, 
e.g. for Seifert fibrations | 53 |- An alternative construction was given by Lin in HZ]; this 
refines the Kronheimer-Mrowka definition of monopole Floer homology from |12) . and works 
for arbitrary 3-manifolds. Recently, Lin established an exact triangle for his theory, which 
allowed him to compute it for many examples [l 8 |. However, some of Lin’s computations 
make use of the isomorphism between monopole and Heegaard Floer homology mm- 
Indeed, among Floer theories for three-manifolds, the one most amenable to computations 
is Heegaard Floer homology. This was introduced by Ozsvath and Szabo in the early 
2000’s jini 1321133]. The definition starts with a pointed Heegaard diagram H = (Z, cx, f3, z) 
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representing a three-manifold V. One then takes the Lagrangian Floer homology of two 
tori in the symmetric product of the Heegaard surface S. There are four flavors of this 
construction, denoted ffF, HF~^, HF~, and HF°°] we will use HF° to denote any of them, 
with o E {^, , oo}. Heegaard Floer homology was shown to be isomorphic to monopole 

Floer homology One reason why Heegaard Floer homology is computationally 

tractable is because of the surgery formulas |38l 1^ which relate it to a similar 

invariant for knots, knot Floer homology |38l B5] . In view of this, it would be desirable to 
construct a Heegaard Floer analog of Pin(2)-equivariant Seiberg-Witten Floer homology. 

In the present paper we define a Heegaard Floer analog of Z 4 -equivariant Seiberg-Witten 
Floer homology, which we call involutive Heegaard Floer homology. Here, Z 4 is the sub¬ 
group of Pin(2) generated by the element j. The Z 4 -equivariant theory does not have the 
full power of a Pin(2)-equivariant one; in particular, one cannot use it to give another dis¬ 
proof of the triangulation conjecture, because the resulting homology cobordism invariants 
do not capture the Rokhlin invariant. Nevertheless, we will see that the information in 
involutive Heegaard Floer homology goes beyond that in ordinary Heegaard Floer homol¬ 
ogy. Moreover, we develop a formula for the involutive Heegaard Floer homology of large 
surgeries on knots, and this leads to many explicit calculations. 

Both Seiberg-Witten and Heegaard Floer homology decompose as direct sums, indexed 
by the spin^ structures on the 3-manifold. In Seiberg-Witten theory, the element j E Pin(2) 
gives a symmetry of the equations that takes a spin‘s structure to its conjugate, s —)■ s. 
In Heegaard Floer theory, there is a similar conjugation symmetry, given by switching the 
orientation of the Heegaard surface, as well as swapping the a and the /3 curves: 

(S,q:,/3,2:) (-S,/3,Q,z). 

As noted in |39t Theorem 2.4], this induces isomorphisms 

J: HF°{Y,5) HF°{Y,5) 

for any spin'^ structure 5 on Y. We have = id, so H is an involution on HF°{Y). This 
involution was used in various arguments in the Heegaard Floer literature; see for example 

[ 111120 ]. 

We dehne involutive Heegaard Floer homology by making use of the construction of J 
at the chain level. Specifically, we have a Heegaard Floer chain group CF°{Y) and a map 

i-. CF°{Y) ^ CF°{Y) 

that induces the map ^ = i* on homology. We define the o flavor of involutive Heegaard 
Floer homology, HFI°{Y), to be the homology of the mapping cone: 

CF°{Y) > Q-CF°{Y)[-1]. 

Here Q is just a formal variable, with = 0, and [—1] denotes a shift in grading. If we 
work with coefficients in Z 2 , then Heegaard Floer groups come equipped with Z2[17]-module 
structures, and we get a 1,2[Q, 17]/((5^)-module structure on HFI°{Y). 

Theorem 1.1. For any flavor o E , 00 }, the isomorphism class of the involutive 

Heegaard Floer homology HFI°(Y), as a Z 2 [Q, U]/{Q‘^) -module, is a three-manifold invari¬ 
ant. 

The ring TZ = Z 2 [( 5 , U]/{Q'^) is the cohomology ring of the classifying space HZ 4 , with Z 2 
coefficients. If we have a space with a Pin(2) action, then one can obtain its Z 4 -equivariant 
homology (as an 7^-module) from its S'^-equivariant homology by constructing a mapping 
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cone and then taking homology, just as we constructed HFI^ from HF^ . Since HF^ 
is supposed to correspond to S'^-equivariant Seiberg-Witten Floer homology, we see that 
HFI^ should correspond to Z 4 -equivariant Seiberg-Witten Floer homology. To construct 
the Pin(2)-equivariant theory, one would have to complete the mapping cone to an infinite 
complex that involves not just the map t, but also the chain homotopy relating to the 
identity, and higher homotopies. To define these higher homotopies one would need to 
prove that Heegaard Floer homology is natural “to infinite order,” whereas currently this 
is established only to first order, by the work of Juhasz and Thurston m- We refer to 
Section below for more explanations. 

The module FIFI^{Y) decomposes as a direct sum indexed by the orbits of spin'^ struc¬ 
tures under the conjugation action. The most interesting case is when we have a spin‘s 
structure 5 that comes from a spin structure, i.e., s = s. We then obtain a group HFI^{Y, s). 

Furthermore, if we have a four-dimensional spin cobordism (IT, t) from (T,s) to {Y', 5 '), 
we construct maps 

HFI+{Y,5)^HFI+{Y',5'). 

A priori, these depend on some additional data a, which includes a choice of Heegaard 
diagrams for Y and Y' and a handle decomposition of the cobordism W. Although we 
expect the maps to not depend essentially on a, proving this would require results about 
higher order naturality that are not available by current techniques. 

Recall that Heegaard Floer homology (for torsion spin'^ structures s) can be equipped 
with an absolute grading with values in Q; cf. |35j . When T is a rational homology sphere, 
the minimal grading of the infinite [/-tower in FlF^iY^s) gives the Ozsvath-Szabo correction 
term d{Y,5) G Q. When s is spin, the involutive Heegaard Floer homology HFI^ {Y^s) has 
two infinite [/-towers, and by imitating [35] we obtain two new correction terms 

d(y,s), d{Y,5)GQ 

such that 

d{Y,5) < d(Y,5) < d(Y,5). 

We also have a Frpyshov-type inequality for spin four-manifolds with boundary, analogous 
to [3S1 Theorem 9.6]: 

Theorem 1.2. Let Y he a rational homology three-sphere, and 5 he a spin strueture on Y. 
Then if X is a smooth negative-definite four manifold X with boundary Y, and t is a spin 
structure on X such that t|y = s, then 

rk(l/2(X;Z)) < 4d(T,s). 

If T is a Z 2 -homology sphere, then it admits a unique spin structure s, and we can sim¬ 
ply write d{Y) and d(Y) for the corresponding invariants. Recall that two three-manifolds 
To and Ti are called homology cobordant (resp. Z 2 -homology cobordant or Q-homology 
cobordant) if there exists a smooth, compact, oriented cobordism IT from Tq to Ti such 
that H^{W,Yi',Wj) = 0 (resp. F[*(1T,T;Z 2 ) = 0 or F[*(IT,Tj;Q) = 0) for i = 0,1. The ho¬ 
mology cobordism group 0| is generated by oriented integer homology spheres, modulo the 
equivalence relation given by homology cobordism. Similarly, the Z 2 -homology cobordism 
group ®l2 is generated by oriented Z 2 -homology spheres, modulo Z 2 -homology cobordism. 

Theorem 1.3. The correction terms d,d are invariants of'L 2 -homology cobordism, i.e., 
they descend to (non-additive) maps 

d, d: 0 I 2 —)• Q 
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Further, when Y is an integer homology sphere then d and d take even integer values, and 
so give maps 

d, d: 0| —> 2Z. 

In some cases, for example when Y is an L-space (i.e., HF{Y,5) = Z 2 for every s G 
Spin'^(y)), it turns out that d{Y) = d{Y) = d{Y). On the other hand, for the Brieskorn 
sphere S(2, 3, 7) we have 

d(S(2, 3, 7)) = -2, d{Y{2, 3, 7)) = d(S(2,3, 7)) = 0. 

Thus, whereas the usual correction term d cannot tell that S(2,3,7) is not homology null- 
cobordant, the invariant d can. Of course, this can also be seen by other methods, e.g. using 
the Rokhlin invariant, which is 1 for S(2, 3, 7). More interesting is the following corollary: 

Corollary 1.4. The L-spaces that are 'L 2 -homology spheres generate a proper subgroup of 
0|^. For example, S(2,3,7) is not Z 2 -homology cobordant to any L-space. 

Observe that L-spaces that are Z 2 -homology spheres include, for example, all double 


can be obtained using Pin(2)-equivariant Seiberg-Witten Floer homology, by showing that 
a = /3 = 7 for L-spaces; this is a consequence of the Gysin sequence that relates the Pin(2)- 
and S'^-equivariant theories. (See m Proposition 3.10] for a version of this.) 

In contrast to Corollary |1.4[ the Brieskorn sphere S(2, 3, 7) does bound a rational homol¬ 
ogy ball, and hence is Q-homology cobordant to 5^; cf. [1]. This forces the d invariant to 
be zero. 

In our theory, the calculation of d and d for S(2,3, 7) is done using an adaptation of the 
large surgery formula from |38l 148] to the involutive setting. More generally, this adaptation 
allows us to calculate HFI~^ of a large integral surgery on a knot 7L C in terms of the 
knot Floer complex CFK°°{S^, K) and the analogue of the map i on CFK°°{S^,K), which 
we denote by lk- 

Let us denote by Sp{K) the result of surgery on a knot K C S^, with framing p G Z. 
Recall that the usual large surgery formula (cf. |381 Theorem 4.4] or [44( Theorem 2.3]) 
identifies F[F~^{Sp{K),[s]), for p 0, with the homology of a quotient complex of 
CFK°°{S^, K). Here, s is an integer, [s] is its mod p reduction, and we use the standard 
identification of spin^ structures on Sp{K) with the elements of Z/pZ. In particular, for 
s = 0 we have a spin structure, and the map lk induces a similar map to on . Let AI^ 
be the mapping cone 

Q-.4+I-1]. 

We now state the involutive large surgery formula. 

Theorem 1.5. Let K C be a knot, and let g{K) be its Seifert genus. Then, for all 
integers p > g{K), we have an isomorphism of relatively graded TZ-modules 

HFI+{S^p{K),[0])^H4AI+). 

Note that, in Heegaard Floer theory, large surgeries are considered those with coefficient 
p > 2g{K) — 1. If we are only interested in the spin structure s = 0, then the weaker 
inequality p > g{K) suffices. Therefore, in this paper, a “large” surgery will mean one with 
coefficient p > g{K). 


branched covers over alternating knots in S'^; cf. 


We also remark that Corollary 


1.4 
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In order to compute H^{AIq), we need to understand the conjugation symmetry lk on 
the knot Floer complex. This can be determined explicitly for two important families of 
knots: 

• L-space knots (and their mirrors), those knots that admit a surgery that is an L- 
space; cf. [H]. These include all torus knots, Berge knots, and (—2,3,2A: + 1) pretzel 
knots; 

• Floer homologically thin knots (which we simply call thin), those for which the knot 
Floer homology is supported in a single diagonal; cf. ngiiniET]. These include all 
alternating knots [30] and, more generally, all quasi-alternating knots m- 

The key observation is that is equal to the map studied by Sarkar in [52], which 
corresponds to moving the basepoints around the knot. In the two cases above, knowing 
and the behavior of lk with respect to gradings suffices to determine lk up to chain 
homotopy. From knowledge of lk one can calculate HFI~^ for large surgeries on those knots 
(many of which are hyperbolic). 

In fact, it should be noted that lk is in principle computable for all knots in S^, using 
grid diagrams and the maps on grid complexes |28| 129) . Thus, HFI^ is algorithmically 
computable for all large surgeries on knots. Although in this paper we limit ourselves 
to large surgeries, we expect that HFI^ satisfies involutive analogues of the surgery exact 
triangle from |39] , of the general knot surgery formulas from |44[ 145] , and perhaps of the link 
surgery formula from [23]. Thus, it may be possible to show that FIFI^ is algorithmically 
computable for all three-manifolds, along the lines of m- 

Going back to correction terms, recall that, for large p, the Ozsvath-Szabo correction 
term of Sp{K) in the spin structure [ 0 ] is given by 

(1) diS^piK), [0]) = d{L{p,1),0) - 2Vo{K) = ^ - 2VoiK), 

where Vo{K) G Z is an invariant of (smooth) knot concordance, coming from the knot Floer 
complex of K] cf. [M] [H] US] Il 6 [ [32]. Similarly, using lk we obtain new concordance 
invariants Vo{K) and Vq{K), and we have the following result. 

Theorem 1.6. Let K <Z be a knot of Seifert genus g{K). Then, for each integer 
P > ^(Ai), we have 

d{S^p{K), [0]) = ^ - 2Vo{K), d{S^p{K), [0]) = ^ - 2Vo{K). 

The calculation of Gq uud Vq for L-space knots and mirrors of L-space knots can be found 
in Section [^ and that for thin knots in Section [^ Let us state the result for alternating 
knots: 

Theorem 1.7. Let K be an alternating knot, with signature a and Arf invariant Arf G 
{0,1}. The values of the triple (Fq) Gq, Vq) for K are given in the following tables. 

If cr <0, then 


a 

Arf = 0 

Arf = 1 

-8k 

{2k,2k,2k) 

{2k+ 1,2k,2k) 

-8k-2 

{2k + l,2k + l,2k) 

{2k + l,2k + l,2k + l) 

1 

00 

1 

{2k + 2,2k + l,2k + l) 

{2k + l,2k + l,2k + l) 

-8k-6 

{2k + 2,2k + 2,2k+ 2) 

{2k + 2,2k + 2,2k+ 1) 


If a > 0, then 
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a 

Arf = 0 

Arf = 1 

8k 

(0,0,-2A:) 

(0,0,-2A:) 

8k+ 2 

(0,0,-2A:) 

(0,0,-2/c- 1) 

8k+ 4 

(0,0,-2/c- 1) 

(0,0,-2/c- 1) 

8k+ 6 

(0,0,-2/C-2) 

(0,0,-2/c - 1) 


For example, the figure-eight knot 4i (with the -|-1 surgery being S(2,3,7)) has a = 0 
and Arf = 1. Therefore, 

Fo(4i) = 1, yo(4i)=Fo(4i) = 0. 


The hgure-eight knot is not slice: classically, one can prove this by checking the Fox- 
Milnor condition on the Alexander polynomial [5], or (as above) by noting that +1 surgery 
on 4i has non-trivial Rokhlin invariant. However, the non-sliceness of 4i cannot be detected 
by most of the modern concordance invariants coming from Floer or Khovanov homology: 
T from [371HH], s from [5T], S from [25], d{Si{K)) = —2Vo{K) from [36lll9lll6|, from [l5] . 

from [9], e from [8], and Tx(t) from |33j all vanish on amphichiral knots such as 4i. By 
contrast, our concordance invariant Vq does detect that 4i is not slice. 

Moreover, combining Theorems 1.6 and 1.7 we obtain various constraints on which large 
surgeries on an alternating knot can be homology cobordant to large surgeries on another 
alternating knot. For example, we have 


Corollary 1.8. Let K and K' he alternating knots such thata{K) = 4- Arf (A')+4 (mod 8). 
IfSliK) andSl{K' ) are 'Z 2 -homology cohordant for some odd p > m.ax{g{K), g{K')), then 


a{K) = (t{K'). 


In the same spirit, if we combine Theorem 1.2 with Theorem [1.7[ we obtain constraints on 
the intersection forms of spin four-manifolds with boundary a large surgery on an alternating 
knot. 

The paper is organized as follows. In Section [^ we define involutive Heegaard Floer 
homology and prove its invariance (Theorem 1.1). In Sectionj^we explain in more detail why 
HFI^ should correspond to Z 4 -equivariant Seiberg-Witten Floer homology. In Section]^ we 
establish a few properties of the involutive Heegaard Floer groups, and define the co bord ism 
maps. In Section we define the new correction terms d, d and prove Theorems |l.2| and 
Sec tion [^ contains the proof of the invo lutive analog of the large surgery formula. 


1.3 


Theorem |l.5| we also prove there Theorem 1.6 and Corollary |l.4| and show that d and d are 
not homomorphisms. In Section]^ we apply the involutive large surgery formula to compute 
HFI^ for large surgeries on (mirrors of) L-space knots. Large surgeries on thin knots are 
discussed in Section]^ where we prove Theorem 1.7 and Corollary 1.8 


Acknowledgements. We thank Jennifer Horn, Andras Juhasz, Tye Lidman, Francesco 
Lin, Robert Lipshitz and Sucharit Sarkar for helpful conversations. We are also grateful to 
the referees for many helpful suggestions. 


2. Definition 

The goal of this section is to define involutive Heegaard Floer homology. We assume that 
the reader is familiar with regular Heegaard Floer homology, as in [dOl l39l I43| . However, 
we start by reviewing a few concepts in order to fix notation, and to emphasize naturality 


issues. 
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2.1. Heegaard Floer homology. Fix a closed, connected, oriented three-manifold Y. 
Denote by Spin^(y) the space of spin'^ structures on Y, and pick some s G Spin'^(y). 
Heegaard Floer homology is computed from a pointed Heegaard diagram for Y. A pointed 
Heegaard diagram is a set of data H = (S, a., (3, z) where: 

• S C H is an embedded, oriented surface of genus g, that splits the three-manifold 
Y into two handlebodies Uq and Ui] 

• a = {oi,..., ag} is a set of nonintersecting simple closed curves on S which bound 
disks in Uq, and in fact span the kernel of Fri(S;Z) —)• Hi{Uq]'L)] 

• (3 = {;0 i,..., fig} is a similar set of curves for Ui instead of Uq, such that ccj n (3j is 
transverse for any i,j] 

• z G S is a basepoint that does not lie on any of the alpha or beta curves. 

The Heegaard Floer groups are variations of Lagrangian Floer cohomology for the two 
tori 

Tq, = ai X • • • X ag, Tjs = (3i X ■ ■ ■ X Pg 

inside the symmetric product Sym^(S). There is a natural map Sz- n —)> Spin'^(T), 
and we will focus on those intersection points x such that S 2 (x) = s. To define the Floer 
groups, we need to impose an admissibility condition on H, depending on s; cf. @01 Section 
4.2.2]. We also need to choose a suitable (generic) family J of almost complex structures 
on Sym^(S). We will write H for the data {H, J), which we call a Heegaard pair. 

Given such a pair H, the Heegaard Floer chain complex CF°°ifH,5) is freely generated 
over Z 2 by pairs [x, i] with x G T„ H and i G Z, such that 5z{x.) = s. The differential is 
given by 

Y ■[y,i-nzi(f)]. 

{yeTanT/3|Sz(y)=s} {(^e7r2(x,y)|/j(0)=l} 

Here, 7r2(x, y) is the space of homotopy classes of Whitney disks from x to y, fi{4>) is the 
Maslov index, M{4>) is the moduli space of J-holomorphic disks in the class cj) (modulo 
the action of M), and nz{4>) is the algebraic intersection number of (j) with the divisor 
{z} X Sym^“^(S). There is an action of Z2[17, on CF°°, where U acts by U ■ [x, f] = 
[x, f — 1] and decreases relative grading by 2. The other complexes CF~^, CF~ and CF are 
obtained from CF°° by considering only pairs [x, i] with f > 0, f < 0 and i = 0. All three 
complexes have an induced Z2[17]-action, which is trivial in the case of CF. 

We will write CF°{H,5) for any of the four flavors of the Heegaard Floer chain complex, 
and HF°{H,5) for the homology groups. 

Theorem 2.1 (Ozsvath-Szabo [40] 1. The isomorphism class of HF°{H,5) (as a Z 2 [U]- 
module) is an invariant of the three-manifold Y. 

A stronger result was obtained by Juhasz and Thurston, who proved naturality of the 
invariant: 

Theorem 2.2 (Juhasz-Thurston |llj). If we fix Y and the basepoint z €Y, then the Z2[17]- 
modules HF°(H,5) form a transitive system. That is to say, for any two Heegaard pairs 
H = {H, J) and H' = {H', J') we have a distinguished isomorphism 

3>{n,n'): HF°{n,5) ^ HF°(n',5), 
such that for all H,H',H'' we have: 

(i) ^{H,H) = 
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(ii) ,n'') om {%,%') = m {%,%"). 

Given a transitive system, we can get a single module HF°(Y, z,5) as the inverse limit 
of this system. We can identify any HF°{T-L,5) with HF°(Y, z,5) in a canonical way. We 
usually drop z from the notation and write F[F° (Y, s). We can also consider the direct sum 
over all spin^ structures: 

HF°{Y) := 0 HF°{Y,5). 

seSpinc(y) 

Although Juhasz and Thurston phrased their theorem in terms of homology, their meth¬ 
ods actually give a result at the chain level: 


Proposition 2.3. If we fix (Y,z,5), then the chain groups CF°ifH,5) form a transitive 
system in the homotopy category of chain complexes of 'Z 2 [U]-modules. In other words, for 
every two Heegaard pairs H and H' we have a chain homotopy equivalence 

CF°(n,5) CF°(n',5), 


satisfying the analogs of conditions (i) and (ii) from the statement of Theorem 2.2, with 
equality replaced by chain homotopy. In fact, the maps are those induced on 

homology by 

Remark 2.4. The map is only unique up to chain homotopy. In the remainder of 

the paper, whenever we write we mean a representative of this chain homotopy 

class of maps. 


Proof. The proofs of Theorems 2.1 and 2.2 involve showing that any two Heegaard pairs 
are related by a sequence of the following moves: changing the almost complex structures J 
(with the diagram H being fixed); isotopies of the alpha and beta curves in H] handleslides 
of the curves in H] stabilizations and destabilizations of H] diffeomorphisms of H induced 
by an ambient isotopy of S in T These moves induce chain homotopy equivalences between 
the respective Floer chain complexes. Indeed, this was shown in uni for most of the moves. 
The exceptions are handleslides, for which the argument in |40l Section 9.2] only shows that 
they induce quasi-isomorphisms. It is proved there that if F and G are the maps associated 
to a handleslide and its inverse, then G o F is homotopic to the composition of the triangle 
map coming from a small isotopy with the nearest point map. However, one can further 
show that, for a small isotopy, the triangle map is chain homotopic to the nearest point map; 
see m Proposition 11.3] and |34l proof of Theorem 6.6]. This implies that G o F is chain 
homotopic to the identity. The same goes for F o G, so we can conclude that handleslides 
actually induce chain homotopy equivalences. 

Given two Heegaard pairs R and Fi', we define the maps by choosing a sequence 

of moves relating FL and FL'. We claim that different choices of moves yield chain homotopic 
maps. First, note that interpolating between two (families of) almost complex structures 
in two different ways produces chain homotopic maps, by the usual continuation arguments 
in Floer theory. (We are using here that the space of compatible almost complex structures 
is contractible.) 

With regard to the moves on Heegaard diagrams, to show that they give rise to chain 
homotopic maps, in view of Theorem 2.39 in m, it suffices to prove that CF°{FL,5) is a 
strong Heegaard invariant in the sense of m Definition 2.33], in the homotopy category of 


^In fact, a diffeomorphism induced by an ambient isotopy can be obtained as the composition of some 
stabilizations and destabilizations. However, it is convenient to consider it as a separate move. 
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chain complexes of Z 2 [17] -modules. There are four conditions to be checked: functoriality, 
commutativity, continuity, and handleswap invariance. All of these are checked in Sections 
9.2 and 9.3 of m , in the context of proving the weaker statement that HF°('H,5) is a strong 
Heegaard invariant in the category of Z2[17]-modules. However, the proofs there actually 
work at the chain level, with the maps being considered up to chain homotopy. 

Given that the maps are well-defined up to chain homotopy, conditions (i) and 

(ii) are almost automatic. Indeed, for (i), when Ti = Ti', we can consider the empty sequence 
of moves, so that 7i) is the identity. For (ii), we consider a sequence of Heegaard moves 
from Ti to Ti', and another from %' to Ti", and by composing them we get a sequence from 

n to H". □ 


We will sometimes write CF°{Y,5) for CF°{7i,5). This is justified by Proposition 2.3 


which says that the chain groups CF°{T-L,5) for different Ti are chain homotopy equivalent 
(although, of course, they are not usually isomorphic). 


2.2. The involution. Now let us discuss the conjugation action on Heegaard Floer homol¬ 
ogy. Given a pointed Heegaard diagram 77 = (S, a,P, z), we define the conjugate diagram 
Hhy 

H = (-S,/3,q;,2:), 

where —S means S with the orientation reversed. A family J of almost complex structures 
on Sym^(S) gives a conjugate family J on Sym^(—S). If 77 = {H,J) is a Heegaard pair, 
we write 77 for the conjugate pair (77, J). 

Intersection points in Tq H for 77 are in one-to-one correspondence with those for 
77, and this correspondence takes a spin'^ structure s to its conjugate s. Moreover, J- 
holomorphic disks with boundaries on (Tq,,T^) are in one-to-one correspondence with J- 
holomorphic disks with boundaries on (T^,Tq,). Thus, as observed in |39l Theorem 2.4], we 
get a canonical isomorphism between Heegaard Floer chain complexes: 

r/: CF°{'H,5) ^ CF°{n,5). 


Moreover, 77 and 77 represent the same based three-manifold (Y, z). According to Propo¬ 
sition 2.3, we have a chain homotopy equivalence 

$(^,77): CF°{n,5) ^ CF°{'H,5). 

We denote by i the composition of these two maps: 

i = $(^,77)or/: GF°(77,s) ^ GF°(77,s). 

Lemma 2.5. The map : GF°(77,s) —?■ GF°(77,s) is chain homotopic to the identity. 
Proof. We have = 4>(77,77) or] o 4>(77,77) o r]. Note that rf = 1, so the composition 
(2) r/o$(H,77)or/: GF°(77,s) ^ GF°(W,s) 

is the conjugation of 4>(77,77) by rj. Recall that <I>(77,77) is the composition of maps associ¬ 
ated to moves between the respective Heegaard pairs. When we conjugate any such map by 
r], we get the map associated to the corresponding move between the conjugate Heegaard 
pairs. (Thi s use s the identification between J- and J-holomorphic triangles.) In view of 
Proposition 2.3, the map Q is chain homotopic to 4>(77,77). Therefore, 

~ <I)(77,77) o <I)(77,77) ~ ^dcF°{n,s): 

when in the last step we used the properties of a transitive system. □ 







10 


KRISTEN HENDRICKS AND CIPRIAN MANOLESCU 


Lemma 2.5 implies that i induces an involution 

J = i^-. HF°{Y,5) HF°{Y,5) 

on Heegaard Floer homology. This was already observed in |39t Theorem 2.4]. 


Remark 2.6. If we view Heegaard splittings as coming from self-indexing Morse functions 
on the three-manifold Y, then the equivalence is induced by moving from a Morse 

function h to —h. 


2.3. Involutive Heegaard Floer homology. Let [Spin^(y)] denote the space of orbits 
of spin'^ structures on Y, under the conjugation action. An orbit m G [Spin‘s(T)] is either 
of the form {s} with s = s, or of the form {s,s} with 5^5. The former case corresponds 
to spin'^ structures that come from spin structures. 

Remark 2.7. A spin‘s structure s with s = s admits lifts to a spin structure; see m 

p. 124]. By a slight abuse of terminology, when s = s we will refer to s as a spin structure 
without fixing a specific lift. 

Given z € Y, a Heegaard pair ?{ for {Y, z), and an orbit w G [Spin'^(y)], set 

CF°{n,w) = ^ CF°{'H,5). 

We define the involutive Fleegaard Floer complex CFI°{FL,w) to be the mapping cone 
complex 

(3) CF°{n,w) ^ CF°{n,w). 

Given a complex C*, we use C[n]^ to denote the same complex with the grading shifted 
by n: C[n]k = C^+n- Thus, as an abelian group, the cone complex above is 

CF°{n,w)[-l](B CF°{n,w), 

with the first factor being the domain of 1 -|- t and the second the target. 

To get more structure on this complex, it is helpful to introduce a formal variable Q of 
degree —1 with = 0, and write Q as 

(4) CF°{n,vu) Q-CF°{n,w)[-l]. 

Note that in the target the shift [—1] cancels out the shift due to the variable Q, so in fact 
Q■ CF°(T-l, w)[—l] is isomorphic to CF°{'H,w) as a graded module. 

We can re-write Q as 

{CF°(n,w)[-l]0Z2[Q]/{Q^),d + Qil + L)), 
where d is the ordinary Heegaard Floer differential. We write 

9^ = d-|-(5(l-|-/') 

for the differential on CFI°{'H, w). Observe that, by construction, CFI°{'H, w) is a complex 
of modules over the ring 

7^ = Z 2 [g,c/]/(g 2 ), 

with Q and U decreasing the grading by 1 and 2, respectively. 

Proposition 2.8. The quasi-isomorphism class of the complex CFI°{'H,w) (over TZ) is an 
invariant of the pair (Y, w). 
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Proof. Note that in the defintion of l we used the map which was constructed 

from a sequence of Heegaard moves relating Ti to Ti. Thus, a priori, CFI°{'H,vj) depends 
not only on Ti, but also on that sequence of moves. However, Proposition |2.3| guarantees 
that is well-defined up to chain homotopy. Therefore, so is l. Since the mapping 

cones of chain homotopy maps are homotopic, we conclude that changing the sequence of 
moves only changes CFI°(T-L,w) by a homotopy equivalence. 

Next, fix the basepoint z G Y and suppose that we have a different Heegaard pair FL' 
for {Y,z). Let l' be the corresponding map from CF°{'H',w) to CF°{'H',w), which is the 
composition of ^{FL ,FL') with an involution t/'. Consider the diagram 


(5) 


CF°{FL, w) — Q. CF°{n, vo)[-l] 






CF°{n\ w) Q-CF°{n', 


We claim that this diagram commutes up to chain homotopy. This is equivalent to showing 
that 


( 6 ) 


FL') O ^{n, FL)oT^r^ FL') or]' o ^{FL, FL'). 


We have rj' o ^{'H,'H') ~ ^{FL,FL ) or]. (This is similar to the discussion of conjugation by 
r] in the proof of Lemma 2.5 ) Further, by Proposition 2.3 we have 

^Fi!,FL')o^{FL,Fi!) ~ ^FL,FL') ~ ^FL,FL') o ^{FL,FL), 


so Q follows. 

Let 

CF°{FL,w)^Q-CF°{FL',w)[-l] 

be the chain homotopy that makes the diagram Q commute. Let us add T{FL,FL') to 
that diagram as a diagonal map from the upper left to the lower right corner. Together 
with the two vertical maps, this gives a chain map ^\FL,FL') between the two rows, i.e., 
between CFI°{'H^w) and CFI°{FL',w). To see that ^^{FL,FL') is a quasi-isomorphism, note 
that any mapping cone comes equipped with a natural two-step filtration; in the diagram 
Q, we set the filtration level to be 1 for the left column and 0 for the right column. The 
chain map we constructed respects the filtration, and it induces a quasi-isomorphism on 
the associated graded. (This is because on the associated graded we only see the vertical 
maps ^{FL, FL'), which are chain homotopy equivalences.) A filtered chain map that induces 
a quasi-isomorphism on the associated graded must be a quasi-isomorphism itself. 

We have shown that the quasi-isomorphism type of CFI°{FL,w) is an invariant of the 
triple {Y,z,tu). It remains to prove independence of the basepoint z. If we have another 
basepoint z' G T, pick a diffeomorphism cp: Y ^ Y such that 4>{z) = z' . Given a Heegaard 
pair FL for {Y, z) and a sequence of moves from FL io FL, we can apply the diffeomorphism cp 
to obtain a Heegaard pair (p{FL) for (Y, z'), as well as a sequence of moves from (p{FL) = (p{FL) 
to (p{FL). The resulting modules CFI°{FL, w) and CFI°{(piFL), w) are clearly isomorphic. □ 


We define the involutive Heegaard Floer homology HFI°{Y,w) to be the homology of 
the complex CFI°{FL,w). Summing over all spin'^ orbits, we set 

HFr{Y):= 0 HFr{Y,w). 

roe[Spin'^(Y)] 
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Proposition |2.8| shows that the isomorphism class of HFI°{Y,w), as an 7^-module, is an 
invariant of {Y,w). This implies Theorem [Hi 

2.4. Remarks on naturality. With (Y, z) hxed, let us construct an oriented one-dimensional 
simplicial complex (an oriented multigraph) as follows. We take the vertices of to be 
all the admissible Heegaard pairs T-L = {H, J). Then, for each standard move (change in J, 
isotopy, handleslide, stabilization), we draw an edge from the initial to the final Heegaard 
pair. Thus, to each vertex of we associate a complex CF °and to each edge e a 


chain homotopy equivalence 4>(e) between the respective complexes. Theorem 2.1 can then 
be viewed as a consequence of the connectedness of . 


Furthermore, Proposition |2.3| implies that whenever we have three vertices vo,vi,V 2 in 
K^, along with edges eoi,ei 2 ,eo 2 (with eij going from Vi to vj), the equivalence 4’(eo2) is 
chain homotopic to 4>(ei2) o <h(eoi) or, since we work with mod 2 coefficients, 

*^(^ 02 ) + ‘h(ei 2 ) o <h(eoi) ~ 0. 

The chain homotopy depends on some choices (of handleswaps, of 2-parameter families 
of isotopic curves or almost complex structures, etc.) For each such choice, let us attach 
a 2-simplex to the loop in formed by the union of the three edges. This produces a 
simplicial compl ex K ^, where to each 2-simplex / we have associated a chain homotopy 
can then be viewed as a consequence of the fact that is simply 


2.2 


T(/). Theorem 

connected. (This should be compared with the discussion in Appendix A in |11] . which 
contains an elementary proof of simple connectivity for a 2-complex of handleslides.) 

While Theorem 2.2 and Proposition |2.3| give a naturality result “of order one,” one could 
ask for more. Whenever we have the 2-skeleton of a tetrahedron in K^, with vertices 
^^ 0 ) ^^ 2 , ^^ 3 , edges eij oriented from Vi to Vj for i < j, and faces fijk for z < j < /c, there is 

an associated sum of compositions 

’^(/oia) + '^{fo 23 ) + '^(/i 23 ) o ‘h(eoi) + *5(623) o 

We conjecture that this sum is chain homotopic to zero. One should be able to attach a 
3-simplex to the existing skeleton for each natural choice of such a “higher chain homotopy,” 
and obtain a 2-connected simplicial complex K^. This would be a naturality result of order 
two. Moreover, one should be able to continue this process and hope for [n — l)-connected 
complexes iF” for all n, such that their union (the geometric realization of a simplicial set) 
is weakly contractible. This would be a naturality result of infinite order. 

Our expectation is based on the situation in Seiberg-Witten theory |12U23j . where mono¬ 
pole Floer homology is defined starting from a contractible set of choices (metrics, per¬ 
turbations, base connections). In contrast, the analogous result in Heegaard Floer theory 
seems much harder to obtain. A Heegaard diagram corresponds to a (self-indexing) Morse 
function on T, which gives a gradient vector field on Y. To prove naturality of order one, 
Juhasz and Thurston had to study singularities of 2-parameter families of gradients. To 
prove naturality of infinite order, one would need to understand singularities of n-parameter 
families of gradients, for all n. 

Although they are beyond the scope of the current work, let us now mention two ways in 
which Proposition |2.8| could be strengthened. Both of them would involve proving a kind 
of naturality result of order two. 

The first improvement would be to replace invariance up to quasi-isomorphism (in Propo¬ 
sition 2.8) with invariance up to chain homotopy equivalence. This would require construct¬ 
ing a homotopy inverse to the quasi-isomorphism %'). A good candidate is <5^(77', %). 
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To prove that ¥{%,%') {%',%) rsj id, one needs a commutation result between maps of 

the form ^and chain homotopies of the form T{%,%'). In principle, this is an in¬ 
stance of order two naturality. However, in the case at hand, a proof may be more tractable 
by choosing to follow the same Heegaard moves as but in reverse, and 

by choosing to be a suitable reverse of T{%,%'). 

The second possible strengthening is to show naturality of order one for CFI°{'H,w). In 
the spirit of Proposition 2.3, this would mean that the complexes CFI°{'H,vu) for different 
Ti form a transitive system in the homotopy category. This would give a construction 
of FlFI°{Y,w) as a well-defined 7^-module. A proof would require the following: As we 
move from % to itself by a sequence of Heegaard moves, we get a map <I>^(H,'H), which is 
chain homotopic to the identity by a homotopy given by Proposition |2.3[ There 

is a similar conjugate homotopy and we need to prove a commutation result 

between these T maps and the equivalences ^This is again an instance of order 
two naturality. In fact, since we used naturality of order one for CF° to prove Proposition |2.8| 
(which is invariance of the isomorphism class for CFI°, i.e., naturality of order zero), it is 
not surprising that proving naturality of order one for CFI° requires naturality of order two 
for CF°. 


3. Comparison to Seiberg-Witten theory 

By work of Kutluhan-Lee-Taubes |14j . or Collin-Ghiggini-Honda and Taubes B ES], 
Heegaard Floer homology is now known to be isomorphic to monopole (Seiberg-Witten) 
Floer homology as defined by Kronheimer-Mrowka [12]. An alternative construction of 
Seiberg-Witten Floer homology for rational homology spheres was given by the second 
author in |23|, and work by Lidman and the second author establishes the equivalence of 
this to the Kronheimer-Mrowka theory |16) . Under these equivalences, the variant HF{Y) 
of Heegaard Floer homology corresponds to the ordinary (non-equivariant) homology of the 
suspension spectrum SWF{Y) defined in [23|, and the variant FlF^iY) corresponds to the 
S^-equivariant homology of SWF{Y). 

The spectrum SWF{Y) comes equipped with a Pin(2) action extending the action, 
and its Pin(2)-equivariant homology was studied in [2l|. Since Pin(2) is an extension of Z 2 
by 5^, we expect that the Heegaard Floer analogue of Pin(2)-equivariant Seiberg-Witten 
Floer homology should be a Z 2 -equivariant version of HF^iY). Further, the extra Z 2 -action 
in Seiberg-Witten theory is the conjugation symmetry, which corresponds to i on HF^{Y). 

In order to understand what a potential Z 2 -equivariant version of HF^{Y) (or “Pin(2) 
Heegaard Floer homology”) would look like, recall that a model for constructing Z 2 -equivariant 
Floer homology (in a different setting) was given by Seidel and Smith |53] . Their starting 
point was Z 2 -equivariant Morse theory, in which one does Morse theory on the homotopy 
quotient 

Afborel := M XI 2 E'L2- 

This space is a fiber bundle over HZ 2 = with fiber M. By equipping the base 
with a standard metric and Morse function (with one critical point in each nonnegative 
degree), and equipping the fibers with a suitable family of metrics and functions, one can 
show that H*(Mborei;Zi 2 ) = F[f^{M;'Ij 2 ) is the homology of a complex 

(C**,borel(Af ), 5borel)) 

as follows. As a vector space, the complex C^^horeiiM) is freely generated by pairs [x,j], 
where x is a generator of the usual Morse complex C^{M) and j is a nonnegative integer. 
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The degree of [x,j] is (degx) + j. Further, there is a H* {B7j2', "^2) = '^2[Q] action on 
C*,borei(-Tf), given by Q ■ [x,j] = [x, j — 1]. The differential clborei decomposes as 

(7) ^orel = d + Q ■ {1 + i) + • 77 + ... 


where d is the ordinary Morse differential for M, and the higher terms are Morse con¬ 
tinuation maps parametrized by gradient flow lines on the base In particular, 

t: C'*(M) —)■ C^{M) is a chain map that induces the involution on and the next 

term 77 is a chain homotopy between and the identity. 

In view of this, a potential Z 2 -equivariant version of HF^{Y) (or “Pin(2) Heegaard 
Floer homology”) should be the homology of a complex whose generators are [x, 7,j] for 
X G Tq, n T ,3 and z, j G Z>o, with a differential similar to 0. This would come with U and 
Q actions given by U ■ [x, 7, j] = [x, 7 — l,j] and Q ■ [x, 7,j] = [x, 7,j — 1]. However, the U 
action would generally not commute with the differential. Rather, given that this should 
mimic Pin(2)-equivariant Seiberg-Witten Floer homology and therefore be a module over 
77*(77Pin(2); Z 2 ) = Z 2 [( 5 ,17]/(Q^) as in [ 2 l], we only expect the 17“^ = V action to commute 
with the differential, and we further expect the Q action to satisfy = 0 on homology. 

In any case, a definition of Pin(2) Heegaard Floer homology along these lines is difficult 
for the following reasons. The term in Q involves the chain homotopy 77 between 
and the identity. Such a homotopy exists because of the usual naturality (of order one) in 
Heegaard Floer homology, but proving that a complex involving 77 is well-defined up to 
chain homotopy would involve showing that any two choices of 77 are related by a higher 


homotopy, and this would mean proving naturality of order two. (Compare Section 2.4 
Moreover, naturality of order two would be involved in even defining the term in the 
differential. To define the whole differential would require a proof of naturality up to 
arbitrary orders in Heegaard Floer homology, and this is not accessible by current methods. 

These limitations have led us to settle for a truncation of the complex Q, in which we 
set = 0. The result is the involutive Heegaard Floer homology defined in Section]^ This 
is a module over the ring TZ = Z 2 [Q, C/]/((3^), which can be identified with 77 *( 77 Z 4 ; Z 2 ). 
In fact, in the Introduction we claimed that HFI^iY) should correspond to Z 4 -equivariant 
Seiberg-Witten Floer homology, where Z 4 C Pin(2) is the subgroup generated by j. This is 
justified by the following result. 


Proposition 3.1. Let X be a paracompact Flausdorff space with a Pin(2) action, and fix a 
model for the classifying bundle 77Pin(2). Let Cf (X;Z 2 ) be the singular chain complex of 
the homotopy quotient X x^i 7i'Pin(2), with an involution i coming from the action of 
j G Pin(2) on X X 7iPin(2). Then, we have an isomorphism of TZ-modules 

(8) 77^(X;Z2) - 77,(C'one(C'f (X;Z 2 ) Q-Cf (X;Z2)[-1])). 


Proof. Let 

F := (X X 51 7;Pin(2)) 

be the mapping torus of X x 51 77Pin(2) associated to the involution j. The right hand side 
of Q is the homology of Y. Since {X x 51 77 Pin( 2 ))/Z 2 = X Xpjn(2) F'Pin(2), we can view 
y as a principal bundle 

(9) S^^Y^X xpi,( 2 ) 7;Pin(2). 

Principal circle bundles over a base B are classified by homotopy classes of maps B —)■ BS^, 
that is, by elements in 77^(77; Z) (their Euler classes). In our case the classifying map is the 




INVOLUTIVE HEEGAARD FLOER HOMOLOGY 


15 


composition 

X Xpin( 2 ) i?Pin(2) —> i?Pin(2) —> 

where the latter map comes from the quotient Pin(2)/Z4 = 

On the other hand, since Pin(2)/Z4 = S^, we also have a fiber bundle (which is not a 
principal bundle) 

(10) ^ X £'Pin(2) ^ X Xpin( 2 ) p;Pin(2). 

General circle bundles over a base B are classified by homotopy classes of maps B —)• 
BO{2), and they can be made into principal bundles if and only if they are orientable, 
that is, when the classifying map factors through BSO{2) = BS^. Each circle bundle 
^ T ^ B has an associated second Steifel-Whitney class W 2 {T) G H‘^{B]'Z, 2 ). Cap 
product with W 2 {T) gives one of the maps in the Gysin sequence on homology 

- > H,{T;Z2) ^ H,{B;Z2) H,_2{B;Z2) ^ 


Recall that the Gysin sequence is constructed starting from the short exact sequence of 
a pair, 

0 — y Cjf (T] Z2) — y {^'1 ^2) —t G* {M, T] Z2) — y 0, 

where M is the disk bundle associated to T, i.e., the mapping cylinder for the projection 
p: T ^ B. Moreover, we have a Thom quasi-isomorphism C^{M,T) —?• C*_ 2 (-B), x —)■ 
p*{x) ^ C) where C £ C*{M, T) is a representative of the Thom class; since we work over a 
field, the quasi-isomorphism is in fact a chain homotopy equivalence. We also have another 
equivalence p* : G*(M) —)■ C^{B). Putting everything together, we get equivalences: 

C^{T-, Z2) ^ Gone(a(M,T; Z2) ^ C^{M-Z2)) ^ Cone{C^{B-, Z2) ^ C*_2(R;Z2)), 


where w is any cocycle representing W 2 {T). These equivalences are canonical up to chain 
homotopy. Therefore, if we have two circle bundles T, T' over B with the same second Stiefel- 
Whitney class, then the homologies H^{T]Z 2 ) and \Z 2 ) are canonically isomorphic. 

In our setting, the circle bundles ([^ and (10) have the same second Stiefel-Whitney class, 
namely the pull-back to //*(Xxpin( 2 )GPin( 2 ); Z 2 ) of the generator G i?^(RPin(2); Z 2 ) = 
Z 2 . This implies that 


( 11 ) 


H^*{X;Z 2 ) ^H,{Y■Z 2 ). 


It remains to show that this isomorphism preserves the 7^-module structures. To see this, 
consider the Gysin sequence on cohomology, at the chain level, which gives an isomorphism 
similar to (0: 

HI^{X-Z2) = H*{Y-Z2). 

In the particular case X = pt, the isomorphism gives 

H*{BZi-Z2) ^ H*{{EVm{2)/S^) Xz^ ^^Za) ^ U. 

For general X, the projection X ^ pt yields a commutative diagram 


(12) HI^{X-Z2) -^- ^H*{Y-Z2) 




^H*{{EFm{2)/S^) Xz, S^;Z2). 
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The 7^-module actions on Hf^{X;'Z 2 ) and Z 2 ) are given by cap products with 

cohomology elements pulled back under the vertical maps in (12). The fact that the diagram 
commutes implies that the isomorphism ( |11[ ) commutes with the 7^-actions. □ 

we make the following 


In view of Proposition 3.1 


Conjecture 3.2. For any rational homology sphere Y and spin structure s on Y, we have 
an TZ-module isomorphism 

HFlt{Y,5) ^ Hf^{SWFiY,5y,Z2), 
where SWF(Y,5) is the Seiberg-Witten Floer spectrum from [23]. 


4. Properties 

In this section we establish a few properties of the involutive Heegaard Floer homology 
groups F{FI°{Y,w) defined in Section]^ In this section, we will frequently have cause to 
refer to maps between involutive Heegaard Floer homology groups FIFF Since we do not 
know that involutive Heegaard Floer homology is a natural object, this always means that 
the map is defined for a particular set of Heegaard data for Y (and may be a different 
map for a different set of Heegaard data). 

4.1. Basic facts. First, observe that since CFI° = {CF°[—1] (g) {Z 2 [Q\/{Q"^)) as a vector 
space, the (relative and absolute) gradings on CF° induce gradings on CFI°. Let us write 
ci(tu) for the hrst Chern class of any representative of w, and let d{w) = gcd{(ci(ro), .^) | 
f £ H 2 {Y;Z)}. Then, CFI°{Y,w) has an absolute Z 2 grading and a relative Zlli{vo)Z 
grading. Further, when ci(ci7) is torsion, there is an absolute Q-grading lifting the ZlX>{w)Z 
grading. (Compare |l0], [35].) 

We have the following exact sequences, in analogy with the corresponding long exact 
sequences for ordinary Heegaard Floer homology. 

Proposition 4.1. The involutive Heegaard Floer groups have long exact sequences 
-^ HFI{Y, w) HFI+{Y, w) ^ HF/+(y, vj) ^ ■ 

-^ HFr{Y, w) 4 HFI°°{Y, w) 4 HFI+{Y, w) ^ ■ 

where i and vr denote the maps induced by inclusion and projection. 

Proof. We prove the second assertion; the first is similar. From the dehnitions of the 
ordinary Heegaard Floer chain complexes, there is a short exact sequence 0 —)• CF~{Y,5) —>■ 
CF°^(Y,5) —>■ CF~^(Y,5) —)• 0. We have the following commutative diagram. 


0 


0 


CF-(Y,5) 


c'F“(y,s) 


TT 


CF+{Y,5) 


■Q{1 +1) 


•Q{1 + l) 


■Q{1 + i) 


Q-c'F-(y,5)[-i] ^g-CF“(y,s)[-i] 44Q.cF+(y,s)[-i] 


0 


0 


Commutativity of this diagram induces a short exact sequence of chain maps between 
the mapping cones: 

0 ^ CFI-{Y,vj) CFI°°{Y,w) CFI+{Y,w) 0 
which in turn gives rise to the desired long exact sequence. □ 
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In addition to the involutive Heegaard Floer complexes CFI°{Y, ro), we can also consider 
their duals, the cochain complexes CFIo{Y,w). In ordinary Heegaard Floer homology, the 
dual complex to CF°{Y,w) is denoted CFo{Y,w), and then CFFiY^w) can be viewed as 
the mapping cone of Q{1 + i^) on CFo{Y^w), where is the dual map to l on cochain 
complexes. 

By analogy with the reduced Heegaard Floer groups from [lOl Definition 4.7], 

we define the reduced involutive Heegaard Floer homology as 


(13) HFI+^^{Y,w) := HFI+{Y,w)/ for n > 0. 

Equivalently, HFF^^^{Y, w) is the cokernel of the map vr: HFI°°{Y, vu) — HFI~^{Y, w) from 


the second exact sequence in Proposition 4.1 


4.2. Orientation reversal. We would like to consider the behavior of the involutive invari¬ 
ant under orientation reversal. For context, let us quickly recall the situation for ordinary 
Heegaard Floer homology. Recall that there is a natural bijection Spin'^(y) ~ Spin'^(—H) 
by regarding a nowhere-vanishing vector field over H as a nowhere-vanishing vector field 
over —Y. Ozsvath and Szabo |43l Section 5] dehne a pairing map 

c'F“(y,s) X CF~(-y,s) ^ z 


via 


([x, i], [y, j]) 


1 if X = y and i + j + 1 = 
0 otherwise 


which satisfies {dyoi, f3) = {a^d-yfi) and {Ua,/3) = {a,Uj3). For torsion spin‘s structures, 
this induces isomorphisms of chain complexes between CF°°{Y,5) and the cochain complex 
CFoo{—Y,5) and between CF^{Y,5) and the cochain complex C'F_(—y,s), in both cases 
via [x, z] I—)> [x, —z — 1]*. 

In order to define an analogous pairing for involutive Heegaard Floer homology on the 
chain level, we must take some care with the choices made in producing appropriate chain 
maps i for Y and —Y. As in Section]^ let H = {T,,a, (3, z) be a Heegaard diagram for Y, 
and let H = (—S,/3, a, z). Assume we have chosen a sequence of moves between H and 
H inducing a chain homotopy equivalence : CF°°{H.,5) —>■ CF°°{'H,5), so that the 

chain map iy is the composition 


ty: CF°°{n,5) ^ CF^{n,5) CF°°{n,5) 

where t], as before, is the canonical isomorphism between CF°°{T-L,5) and CF°^{T-L,5). Now, 
let —H = {T,, (3, a, z) be our choice of Heegaard diagram for —Y, and let the sequence of 
moves connecting —H = (—S, a, (3, z) to —H be the same moves as in the previous sequence, 
but in the opposite order. Then we have a map 


Z_y: CF°°{-n,5) ^ CF°°{-n,5) CF^{-n,5). 


With this in mind, we define a pairing 

CFI°°{H,zu) X CFI^{-n,w) 
by requiring that ([x,z], [y,i])'' = {Q[^,i],Q[y, j]Y = 0 and 

1 if X = y and z -|- j -|- 1 = 0 


{[x,i],Q[y,j]y = (Q[x,i], [y,j])'' = 


0 otherwise. 
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The point of our care in constructing by and is the following lemma. 

Lemma 4.2. The pairing satisfies 

(Q(ry[x,i]), [y,j]Y = ([x, i], Q(r_y [y, j]))\ 

Proof. Each map of chain complexes induced by one of the moves in the sequence we have 
chosen to connect Ti and Ti counts either rigid pseudo-holomorphic disks of appropriate 
index or pseudo-holomorphic triangles; interchanging o: and /3 and running the sequence 
in the opposite order has the effect that the direction of each disk or triangle is reversed. 
Suppose that ty([x, i]), written as a sum of generators of CF°°{TL,5) such that each appears 
exactly once, contains [y, — j — 1]. Then there is a chain of pseudo-holomorphic disks and 
triangles in the maps comprising from x to y. This implies that there is a chain 

of holomorphic disks and triangles in the maps comprising —TL) from y to x, and, 

by considering intersections with the basepoint, that i_y([y,j]), again written as a sum of 
intersection points, must contain [x, —i — 1]. □ 

We can now prove the following. 

Lemma 4.3. Under the pairing we have the identities 

{a^dfyfiY = {d!ya,l3Y 

{a,UfiY = {Ua,fiY- 


Proof. First, suppose that a = [x,i] and fi = Q[y,j]. Let dy denote the usual Heegaard 
Floer differential for Y, so that cly[x,z] = 9y[x, z]-|-(5(l-|-ry)[x, i]. Similarly, dfy {Q[yJ]) = 
Qd-y[y, j]. Thus, we have 

{dYa,fiY = (5y[x,i] -kQ(l-kry)[x,z],g[y,j])‘ 

= {dY[^,i],Q[y,j]Y 
= {[^fi],Qd-Y[y,j]Y 
= {a^dfyfiY 


where the third equality comes from the fact that J-holomorphic disks from x to y counted 
by dy are in one-to-one correspondence with — J holomorphic disks from y to x counted by 
d-y. The case in which a = Q[x, i] and j3 = [y,j] can now be obtained from this case by 
reversing the roles of Y and —Y. 

Next, suppose that a = [x,i], fi = [y,j]. Then dYiof) = (9y[x,i] -|- (5(1 + w)[x,i] and 
d-y{fi) = d-y[y,j] -h (5(1 + b-y)[y,j]. We have 


{dYa,l3) = ((9y[x,i] -FQ(1-Fiy)[x,i],[y,j])" 

= ((5(l-kiy)[x,z],[y,j])‘ 

= ((5[x,i],[y,j])‘ + ((5[w(x),i],[y,j])'^ 
= ([x,i],(5[y, j])‘ + ([x,i],(5('^-Y[y,j]))'' 
= ([x,i],(5(i + t-Y)[y,5])'' 

= ([x,i],5_y[y,j] -F(5(l-Fi_y)[y,j])‘ 

= {a,d‘Ly/ 3 Y- 


The fourth, most important, equality comes from Lemma 4.2, Finally, in the case that 


a = (5[x, f] and (3 = Q[y,j], both sides of the claimed identity are trivial. 
The second statement is straightforward since U[x,i] = [x, z — 1]. 


□ 
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By Lemma 4.3 the pairing we have defined on CFP 


descends to give pairings 


(, y: HFI°^{Y, w) X HFI^{-Y, w) Z, 
(, Y ; HFI^{Y, w) X HFr{-Y, w) Z. 


In particular, for ci{w) torsion, this gives isomorphisms between CFI°°(Y,w) and the 
cochain complex CFIoo{—Y, w), and between CFI^{Y, w) and the cochain complex CFI-{—Y, w), 
in both cases via [x, i] i—>■ [Qx, —i — 1]* and [Qx, i] i—)• [x, —i — 1]*. 

At this point we recall that the analogous isomorphism on CF°° in ordinary Heegaard 
Floer homology, which goes by [x,z] i-A [x, —i — 1]*, takes C'F“(Y',s) to CF^~‘^{—Y,5) [lH 
Proposition 7.11]. Because the absolute grading on CFI° is induced by the absolute grading 
on CF° , we immediately have the following. 


Proposition 4.4. If 5 is a torsion spin'^ structure on Y and w is its orbit under conjugation, 
there are isomorphisms 


CFIff{Y,w) ^ CFIYY-\-Y,w) 
CFIY{Y,w) CFIZ''~H-Y,vu) 


which induce isomorphisms on homology 

pLoo. HFIj°{Y,w) ^ HFlYf-\-Y,w) 
HFIY(Y,w) ^ HFlZ''-^{-Y,w). 


Proof. Let r be the absolute grading of [x, i] as an element of CF°°{Y,5). Then the absolute 
grading of [x, z] as an element of CFI°°{Y) is r + 1 and the absolute grading of its image 
Q[x, —z — Ij* as an element of CFI°°{—Y) is —r — 2 = —(r + 1) — 1. Similarly, the absolute 
grading of Q[x,i] as an element of CFI°°{—Y) is r and the absolute grading of its image 
[x, —z — 1]* is —r — 2 + 1 = —r — 1. □ 


Using the universal coefficients theorem for cohomology, Proposition |4.4| allows us to cal¬ 
culate HFI~{—Y, w) from knowledge of HFI^fY, w). Further, once we know HFI ~{— Y, zu), 
we can get HFI~^{Y,w) by analyzing the second exact triangle from Proposition |4.l[ 


4.3. Relation to the usual Heegaard Floer groups. 


Proposition 4.5. Let zu G [Spin'^(y)] be an orbit of the form {s,s} with s / s. Then, we 
have an isomorphism of graded TZ-modules 

HFr{Y,zu) ^ HF°{Y,5)[-l] © HF°{Y,5), 

with trivial multiplication by Q. 


Proof. Recall that for the map z: CF°(Y,5) — >■ CF°{Y,5) is the composition of a chain 
isomorphism and a chain homotopy equivalence, and is therefore itself a chain homotopy 
equivalence, with homotopy inverse z: CF°{Y,5) —>■ CF°{Y,5). 

For notational simplicity, consider the general situation of two Z2[17]-complexes (A, 
and (3,83) with t/-equivariant chain homotopy equivalences f: A ^ B and g: B ^ A 
which are homotopy inverses. Consider the chain complex C = ((A©i?)[—1]) ®Z2[(5]/(Q^) 
with differential d given by 

a I—)• Bao, + Qa + Qf{a) 

Qa I—)■ QBacl 


b dsb + Qb + Qg{b) 
Qb eA Qdsb 
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Let W: A ^ Ahe the homotopy between gf and the identity. We do a change of basis to 
C, replacing A with A' consisting of elements a' = a + /(a) + QW (a) and QB by QB' with 
elements Qb' = Qb + Qg{b). Because /, g, and W are 17-equivariant, the change of basis 
map is ?7-equivariant as well. Furthermore, it is a chain isomorphism; explicitly we have 

d{a) = d{a + /(a) + QW{a)) 

= dA{a) + Qa + Qf{a) + dBf{a) + Qfia) + Qgf{(i) + QdAW{a) 

= dA{a) + fdA{a) + Q{a + gf{a) + dAW{a)) 

= dA{a) + fdA{a) + QW{dAia)) 

= {d{a)y 

diQy) = d{Q{b + g{b))) 

= Qdsb + Qdsgib) 

= id{Qb)y 

Furthermore, with respect to this change of basis the elements in QA and B have the 
following differentials 

d{Qa) = QdA{a) 
d{b) = dB{b) + Qb + Qg{b) 

= dB{b) + Qb' 

We see that C splits as a direct sum of the complexes {Ayd\A')-, (Q^l, 9 a), and {B © 
QByd\B®QB')- The last summand is acyclic, so we see that the homology of C is 

H,-i{A!)®H,{QA). 

However, the map {A^Oa) —^ is a chain isomorphism, so we conclude that the 

homology of C is isomorphic to 

H,-i{A)®H,{A). 

The Q action is trivial because if a' is a cycle, then dAa + Bb f {a) + QOaW{ a) = 0, so in fact 
all three of these summands are zero. It follows that Qa' = Q{a + /(a)) = da, so Q[a'] = 0 
in homology. 

Applying this result to our case with A = CF°{Y,5), B = CF°{Y,5), f = t and g = i 
yields the desired conclusion. □ 

In light of the previous proposition, we will focus on HFI°{Y,w) for w consisting of a 
single element s with s = s (that is, s is spin). In this case we simply write CFI°{Y,5) for 
CFr{Y,w), and HFr{Y,s) for HFr{Y,w). 

Proposition 4.6. Let 5 be a spin structure on Y. Then, there is an exact triangle of 
U-equivariant maps relating FIFI° to F[F°: 


(14) 


HF°{Y,5 


Q{1 + 


Q-HF°iY,5)[-l] 


HFI°{Y,5) 

Here, the map HFI°{Y,5) -A HF°{Y,s) decreases grading by 1, and the other two maps are 
grading-preserving. 
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Proof. This follows directly from the dehnitions: CFI°{Y,w) is a mapping cone of chain 
complexes, and the homology of any mapping cone fits into such an exact triangle (cf., for 
example, m Proposition 1.5.2]). □ 

Corollary 4.7. Let 5 be a spin structure on Y. Then HFIiY^s) is isomorphic to the 
homology of the mapping cone 

HF{Y,5) Q-HF{Y,5)[-1] 

as TZ-modules (with trivial U action). 

Proof. Because HF(Y,5) and F[FI(Y,5) are Z 2 -vector spaces, the exact triangle of Proposi¬ 
tion splits, and we have 

0 —)• ker((5(l + r*)) —t HFI{Y,5) —)• coker((5(l -|- r*))[—1] —0. 

We see that FIFI{Y,5) = ker(Q(l -|- r*))[—1] © coker(Q(l -|- r*))[—1], with the Q action 
agreeing with the map ker(Q(l -|- t*)) coker(Q(l -|- t*)). □ 


Note that Corollary 4.7 implies that the Euler characteristic of FlFIfY^Y) is always zero. 


Interestingly, t he an alog of Corollary |4.7| does not hold for the other versions. For ex¬ 
ample, in Section 6.8 we will compute S(2, 3, 7)), and we will see that it is not 

isomorphic to the mapping cone of 1 + r* on FIF^. Thus, to understand HFI~^ we need to 
study L at the chain level, before taking homology. 


4.4. L-spaces. In Heegaard Floer theory, a three-manifold Y is called an L-space if for 
all spin'^ structures 5 on Y, we have FlFiY^s) = Z 2 (in some grading) or, equivalently, 
HF~^(Y,5) = := Z 2 [t/, 17“^]/Z2[C/]. An L-space is necessarily a rational homology 

sphere. 


Corollary 4.8. Let Y he an L-space, and 5 a spin structure on Y. Then 

HFI+{Y,5) - HF+iY,5)[-l] 

Proof. If Y is an L-space, there is exactly one homology class in each grading HF)i(Y,5). 
Therefore, since i is grading-preserving and C/-equivariant, r* is either the zero map or the 
identity. Since il = Id, we see that t* is the identity map on HF~^{Y,5). Therefore the map 
(I + t*): HF~^{Y,5) —)• Q ■ HF~^{Y,5)[—1] must be zero. From the exact triangle (14) we 
see that HFI^{Y,5) is an extension of HF~^(Y,5 )[—l] by Q-HF~^(Y,5 )[—l]. Since these two 
towers are supported in different degrees mod 2Z, we conclude that the extension is trivial, 
implying the result. □ 


4.5. Cobordism maps. Suppose we have a connected, oriented four-dimensional cobor- 
dism W between connected three-manifolds Y and Yh In [33], Ozsvath and Szabo construct 
maps 

Ff^,y. HF°{Y,5\y)^ HF°{r,5\Y'), 

where s is a spin'^ structure on W. Strictly speaking, the maps Fw. also depend on the 
choice of a path 7 from the basepoint on Y to the basepoint on Y'] see [l0| and |57| for a 
discussion of this in the hat case. However, we drop 7 from the notation for simplicity. 
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There is a conjugation symmetry acting on spin'^ structures on W. If w is an equivalence 
class under this symmetry (consisting of either one or two elements), we define 

= HF°{Y,w\y) ^ HF°{r,w\Y'). 

The purpose of this subsection is to construct similar maps in involutive Heegaard Floer 
homology. 


Proposition 4.9. With W and w as above, there exist maps 

HFr{Y,w\Y)^HFr{Y',w\Y') 


depending on some additional data a, such that the exact triangles of the form (14) fit into 
commutative diagrams 


(15) 


HF°{Y,w\y)^^^Q-HF^Y,w\y)[-1] 


■HFr{Y,w\ 


Y) 


■ W,zu 


^1,0 


BF°(Y',wlY'f-^^Q-IIF°(Y',wlY')l-l] 


W,zi7,a 

] 

BFr(Y',w\Y') 


Proof. To begin with, we choose the following: 

(i) A decomposition of W as 

W = Wi Uyj W 2 Uy-g • • • 'JYu-i Wn, 

where Wi is cobordism between three-manifolds Ti_i and 1^, for each i = 1,... ,n, 
such that Yq = Y and Yn = Y' . We require that exactly one of the Wi, say Wj, 
consists of the addition of two-handles. (There can be several two-handles in Wj, or 
even none. Thus, Wj is given by surgery on a possibly empty framed link L C h^-i-) 
Further, for i < j, the cobordism Wi consists of a single one-handle addition, and for 
i > j, it consists of a single three-handle addition; 

(ii) A basepoint 2 ; on T such that attaching the handles in each Wi is always done away 
from z; this gives a path 7 from z S Y to a basepoint z' ^Y' . 

(iii) For each i < j (so that Wi is a one-handle), a choice of Heegaard pairs FLi-i for Tj-i 
and FL'^ for Yi, such that is obtained from FLi-i by a connected sum with a standard 
diagram for x 5^, as in [131 Section 4.3]; 

(iv) For the value j such that Wj consists of two-handles, a choice of a bouquet for the 
framed link L, as well as a Heegaard triple (together with almost complex structures) 
subordinate to that bouquet, as in [HI Section 4.1]. When restricted to Fj-i and Yj 
this gives Heegaard pairs FLj-i and Fi'j, respectively; 

(v) For each i > j (so that Wi is a three-handle), a choice of Heegaard pairs Fli-i for 
Tj-i and for Yi, such that Fli-i is obtained from by a connected sum with a 
standard diagram for 5^ x S^, as in [l3l Section 4.3]; 

(vi) For each i = 1,... ,n — 1, a sequence of Heegaard moves relating the Heegaard pairs 
FL\ to FLi for T). These give rise to chain homotopy equivalences ^{FL[,FLi) from 
CF°{n'„w\Y,) to CF°{ni,w\Y,). 

Note that a decomposition of W as in (i) above can be obtained from a self-indexing Morse 
function on W . Moreover, the data (i)-(vi) is what was needed to define the cobordism maps 
between ordinary Heegaard Floer complexes in |43j . 
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To define cobordism maps between involutive Heegaard Floer complexes, we will use 
some additional choices a, and bj to construct chain maps 

for i = 1 ,..., n, and 

Qi = CFr{n[,w\Y^ -y CF^{n^MY,) 


for i = — 1. Note that before defining ft and gt, we will first need to construct their 

domains and targets. (Indeed, recall that the involutive Heegaard Floer chain complexes 
depend on sequences of moves that relate a diagram to its conjugate.) Once ft and gi are 
constructed, we will set 

fw,'uj,a ~ fn ° 9n—l O fn—1 O ' ' ' O /2 ° 5l ° /l 

and then let F^^ be the map induced by „ on homology. The total data a will 

consist of (i)-(vi) above, together with the choices Oj and b* at each step. 

For each i = 1,..., n, we define fi as follows. We choose a sequence of Heegaard moves 
from Hi-i to FLi-i. These produce a chain homotopy equivalence 

CF°{ni_iMY.-.) ^ CF°{n^-lMY^-.) 

which can be used to construct the involutive complex ro|y-_j). We also choose 

(independently) a sequence of moves from Ti!^ to FL[, which give a homotopy equivalence 
and a complex CF7°(?^', zulyj. We now consider the diagram 


(16) 


CF°{ni-i,w\Y,_,) 

CF°{ni-i,w\Y,_,) 


ro 

^Wi,zu\w. 


ro 


CF^n„w\Y,) 

CF°{n[MY,) 


where the horizontal maps are chain maps induced by handle additions in Heegaard Floer 
theory, as in |43j . Note that these horizontal maps also depend on the data o. Observe 
that the compositions <I>(?7i, 77') o and /^. o <h(77j_i,77i_i) can also be viewed 

as cobordism maps associated to Wi. By the well-definedness results for cobordism maps 
proved in [33], any two such maps are related by chain homotopies. It follows that the 
diagram (16) commutes up to chain homotopy. If we let T, be a chain homotopy of this 
type, we can combine it with and f^_ to construct the desired map fi from 

CF7°(77i_i, ro|yj to C'F7°(77', ro|yj; we are using here conjugation invariance of the cobor¬ 
dism maps (Theorem 3.6 in |33|) at the chain level. Note that the data a* needed for defining 
fi consists of the two sequences of Heegaard moves, together with the chain homotopy Tj. 

The maps gi are constructed just as in the proof of Proposition |2.8[ The corresponding 
data bi consists of chain homotopies T(77',77i) from (7^7(77', ro|yj to Q-CF°{'Hi,w\Yi)[—l]- 

This concludes the definition of the map The commutativity of (15) follows from 

the construction. 


□ 


Remark 4.10. We conjecture that the map F^°^ depends on a only through the choice of 
the path 7 . However, since we did not prove naturality for HFI° (cf. the remarks at the 
end of Section 2.4), we cannot prove the conjecture with the available technology. In fact. 
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since a includes a choice of Heegaard diagram for Y and Y', even the target and domain of 
are not yet well-defined as three-manifold invariants; only their isomorphism classes 


J,o 


^W,'cu,a 
are. 

We have the following analogue of the composition law in Heegaard Floer theory, 
Theorem 3.4], 

Proposition 4.11. Suppose we have cobordisms W from Y to Y', and another cobordism 
W' from Y' to Y". Let W he equipped with an equivalence class of spiiY structures w, and 
with some additional data a as in PropositionSimilarly, we let W be equipped with a 
class w' and data a'. Then, we can find data atot for the cobordism W U W, such that the 
following gluing result holds: 


F, 


L° 


oK 


7,0 




E 


1^1 

VFUly^C,atot• 


{Ce[Spin':(IVUVE')]ICIw=ro:<lvr'=^'} 


The proof of Proposition 4.11 is similar to that of |431 Theorem 3.4]. 

Next, let us recall, from HI Theorem 7.1], that if IP is a cobordism from Y to Y' 
equipped with a spin'^ structure s whose restrictions s|y and s|y/ are both torsion, then for 
X G HF°{Y,5\y), 


(17) 


gr(^w,s(a;)) - gr(a^) = - 


ci(s)2-2x(W)-3u(W) 


Because our cobordism maps are induced by the Ozsvath-Szabo maps, we have the same 
result for involutive Heegaard Floer homology: 

Lemma 4.12. Let W be a cobordism from Y to Y' equipped with an equivalence class of 
spin'^ structures, w, whose restrictions w\y and ru|y/ are both torsion. Let ci(zi7) be ci(5) 
for any 5 G w. Let also a be some additional data for W, as in Proposition \4.9i Then for 
X E HFr{Y,w\Y), 


5. New correction terms 

5.1. Definitions. In this section, we introduce new correction terms arising from HFI^{Y). 
In order to motivate the definition, recall from [35] that the ordinary correction term d{Y,5) 
associated to a rational homology three-sphere Y and a spin'^ structure s is the lowest 
homological degree of any element in U'^HF~^{Y,5), where n ;:?> 0. Equivalently, d{Y,5) is 
the minimal grading r such that the map vr: FlFfS (T, s) —s- HFf {Y, s) is nontrivial. Or, 
more concretely, one can show that HF~^{Y,5) can be d ecom posed (non-canonically) as 

r+< 


where T"*" is an inhnite t/-tower as in Section 


4.4 


and HF^^^ := Coker(7r) is a 
finite dimensional Z 2 -vector space (with some f7-action). Then, d(Y,5) is simply the lowest 
degree of an element in 

We mimic this construction to produce two new correction terms. For s a spin structure 


on Y, we consider the exact triangle (14), 


(18) 


Q(i + ^*) , 

hf+{y,5) -» Q-HF+{Y,5)[-1] 

^ HFI+{Y,5) ^ 
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consisting of CZ-equivariant maps, here given names for convenience. For r S> 0, we have that 
hf+(y,5) is either trivial or a one-dimensional Z 2 -vector space. Since is an isomorphism, 
this implies that is the identity, so Q{1 + i*) is trivial. Hence, the elements of HF^iY^s) 
for r large are of the form h{x) for x G HFI~^{Y,5), necessarily such that x G lm(U^),x 0 
for 0. This allows us to define the lower involutive correction term as follows. 

d{Y,5) = min{r | 3 x G HFI^{Y,s),x G Im(t/"'),x 0 \m{U'^Q) for n 0} — 1. 

Meanwhile, if y G QHF^(y,s)[—1] for r large, then y G Im(t/’^) and y is not in the image 
of Q{1 + i*), so it must map to a non-zero element x = g{y) G Im([/”Q). We define the 
upper involutive correction term as 


d(y,s) = min{r | 3 x G HFI^{Y, s),x ^ 0, x G lm{U"'Q) for n 0}. 


More concretely, the exact triangle (18) implies that, as a Z2[17]-module, FlFI^iY^s) 
decomposes (non-canonically) as 


r+©r+©HF/+^(y,s), 

where F[FI^^^(Y,s) is a finite dimensional Z 2 -vector space. One infinite tower contains 
elements in gradings congruent to d{Y,5) + 1 modulo 2Z; we call it the first tower. The 
other tower lies in the image of multiplication by Q and has elements in gradings congruent 
to d{Y,5) modulo 2Z. We call it the second tower. Thus, d{Y,5) is one less than the grading 
of the lowest element in the first tower, and d{Y,5) is the grading of the lowest element in 
the second tower. It is worth stressing that this decomposition of HFI^{Y,5) is only as a 
direct sum of Z2[17] modules; the 7?.-module structure need not respect this decomposition. 

Alternatively, we can think of d{Y,5) = t as the minimal degree such that t = d{Y,5) 
modulo 2Z and tt: FlFIf^{Y,B) —)• FlFlf {Y,5) is nontrivial, and of d{Y,5) + 1 = r as the 
minimal degree such that r = d{Y,5) + 1 modulo 2Z and vr: HFI'fi{Y,5) —> HFI^{Y^5) is 
nontrivial. 

Note that, by construction, we have 


(19) 


d{Y,5) = d{Y, 5) = d{Y, 5) (mod 2Z). 


5.2. Properties. Let us prove some basic properties of the invariants we have defined. 


Proposition 5.1. The involutive correction terms satisfy the inequalities 

d{Y,5) < d{Y,5) < d{Y,5). 


Proof. Looking at the exact triangle (18), let x = g{y) be the element of lowest degree 
in the image of U^g for n ;:g> 0, so that the homological degree of x is d{Y,s). We have 
deg(x) = deg(y). Furthermore, by assumption x G HFI^(Y,5) for n S> 0, and g is 
[/-equivariant, leading us to conclude that y G V^QHF^{Y,5){—1\ for n ;§> 0. Therefore 
d(y,s) < deg(y) = d{Y,5). 

By analyzing the map /i in (18), we obtain the other inequality. □ 

Proposition 5.2. The involutive correction terms are related under orientation reversal by 

d{Y,5) = -d{-Y,5). 


Proof. Let d{Y,5) + 1 = r be the minimal degree such that r = d{Y,5) + 1 modulo 2Z and 
tt: HFI^{Y,5) ^ HFI+{Y,5) is nontrivial. In view of the long exact sequence 

-^ HFr{Y,5) A HF/“(y,s) ^ HFI+{Y,5) ^ • 
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we see that if k is the maximal grading such that k = d{Y, s) + 1 modulo 2Z and the map ik 
is nontrivial, then k = r — 2 = d{Y, s) — 1. Similarly, since d{Y, s) = t is the minimal grading 
such that t = d{Y,5) modulo 2Z and the map HFI"^ (Y,5) HFlf {Y,5) is nontrivial, we 
see that if i is the maximal grading such that i = d(Y,5) modulo 2Z and if is nontrivial, 
then £ = t-2 = d{Y,5)-2. 

Now, from the discussion in Section leading up to Proposition 4.4 
tative diagram 


we have a commu- 


HFI^{Y,5) 

'plfOO 


HFI 


—r—l. 


-y,s) 


TT-p 


4—r—l 


HFltiY,5) 
j)k+ 


HFI 


—r—l 




The vertical maps are the duality isomorphisms between involutive Heegaard Floer homol¬ 
ogy and cohomology introduced in Proposition |4.4[ Using the universal coefficients theorem 
and the fact that HFI°°{Y,5) is a free module in every dimension, we see that the image 
of is nontrivial if and only if the image of i-r-i is nontrivial. This implies that if 

r = d(y, s) -|-1 is the minimal grading such that r = d{Y, s) -|-1 modulo 2Z and vr^ is nontriv¬ 
ial, then —r — 1 = —d(Y,5) — 2 is the maximal grading such that i-r-i ■ HFI^^_^{—Y,5) —t- 
HFI'^^_i{—Y,5) is nontrivial. Therefore d{—Y,5) = {—d{Y,5) — 2) -|- 2 = —d(Y,5). □ 

Next, recall from m Theorem 1.3] that, when Y is an integer homology sphere, the 
correction term d{Y) G 2Z is related to the Casson invariant A(y) G Z and to the Euler 
characteristic x{HFf^^{Y)) by the formula 

X(Y) = x{HF+^{Y))-y{Y). 

In the involutive setting, here is the formula for the Euler characteristic of the group 
HFI+^{Y) defined in @. 


Proposition 5.3. For any integer homology sphere Y, we have 

x{HFI+^iY)) = ^{d{Y)-d{Y)). 


Proof. Consider the exact triangle (14) relating HFI^iY) to HF~^(Y). Let us truncate all 


the groups and thus focus on degrees < 2n — 1, for n 3> 0. Since d{Y) is even, we have 
HF 2 n-i{Y) = 0 for n ^ 0, so there is an exact triangle relating the truncated groups. By 
taking Euler characteristics we get 

x{HFlt2n-iiy)) = x{HF^2n-iiy)) " xiHFt^n-iiY)) = 0 . 

On the other hand, HFlf^2n-i0‘^) decomposes (non-canonically) as a direct sum of 
HFI^^^{Y) and two truncated [/-towers. The first truncated tower starts in degree d{Y) + 1 
and ends in degree 2n — 1, and thus has \d{Y) Yn generators. The second truncated tower 
starts in degree d{Y) and ends in degree 2n — 2, so it has \d{Y) + n generators. The 
conclusion follows readily from this. □ 

We now prove the version of Frpyshov’s inequality for spin cobordisms that was an¬ 
nounced in the Introduction. 
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Proof of Theorem 1.2. Recall from |35L Section 9] that if IR is a negative definite cobordism 
from Yi to Y 2 , then the map Fw,t'- HF°°(Y\,5i) —)• HF°°{Y2,52) is an isomorphism. (Here 
Si = t|y^ and 52 = tlvj.) Therefore, from the diagram of long exact sequences (15), 


>Q-HF“(yi,Si)[-l] 

poo 

^W,t 

^ Q-HF°^{Y2,52)[-1] 


HF/~(yi,Si) 

p/,00 

^W,t,a 

HFI^{Y 2 , 52 ) 


HF°°{Yi,5i) 

poo 

^W,t 

HF^{Y2,52) 


and the five lemma we see that F^f^^ is also an isomorphism. Notice that this isomorphism 
is also 7^-equivariant. 

Now, following the strategy of m Proposition 9.6], we delete a ball from X to ob¬ 
tain a spin, negative definite cobordism W from to Y. The isomorphism HF°^{S^) —)• 
HF°°{Y, 5 ) shifts gradings upward by _ ^YW)+3a{w) _ b 2 {x) ^ d(Y, 5 ) = mod 2Z. 

Consider the following commutative square. 


HF/“(53,So) 




1,00 


W,t,a 




TT 

HFlfiS^ So) 


pi,+ 


TT 


We see there must be some element y G HFI^{S^) with the property that gr{F.lyX ^{y)) = 

d{Y,5) + 1. Because the grading shift in the cobordism map is still by and d{Y,5) = 

d(y,s) modulo 2Z , the homological grading of y must be odd. (That is, y lies in the 
first tower in HFI^{S^).) But the lowest odd homological grading in HFI°°{S^) is 1, and 
therefore we have 

^ id{Y,5) + 1) - 1. 

The conclusion follows. □ 


Proposition 5.4. Let (Yi,Si) and (Y2,52) be rational homology spheres equipped with spin 
structures, and let (IT, t) be a spin rational homology cobordism between them. Then the 
involutive correction terms o/(Yi,Si) and {Y2,52) are equal. 


Proof. As in the proof of Theorem 
an isomorphism, and consequently 


1.2 


the map 


1,00 

W,t,a' 


HFI^{Yi,5i) ^ HFI^{Y2,52) is 


d{Y2,52) - d{Yp5i) > 


d{Y2,52) - d{Yu5i) > 


-2xiW) - 3a{W) 
4 

-2xiW) - MW) 
4 


For W a rational homology cobordism, this implies that d{Y2,52) > d{Yi,5i) and d{Y 2 ,S 2 ) > 
d(yi,Si). But reversing the orientation of W gives the opposite inequalities as well. □ 
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Proof of Theorem 1.3. Every Z 2 -homology sphere has a unique spin structure, and a Z 2 - 
homology cobordism between Z 2 -homology spheres is a spin rational homo logy cobordism. 
Thus, the claim about d and d descending to follows from Proposition 5. 4l 

When Y is an integer homology sphere, d{Y) is an even integer (cf. j35j 1 . In view of 
(19), so are d{Y) and d{Y). □ 


The maps d and d are not group homomorphisms; see Section 6.9 below for an explana¬ 
tion. 


6. The large surgery formula 

Ozsvath and Szabo [3H] and, independently, Rasmussen [IS] proved a formula expressing 
the Heegaard Floer homology of a large surgery on a knot in terms of the knot Floer 
complex. Our goal here is to prove an involutive analogue of their formula. 

Throughout the section, Y will be an oriented integer homology three-sphere, and K <ZY 
will be an oriented knot. (However, with minor modihcations, all our results can be extended 
to null-homologous knots in any three-manifold Y.) In practice, we will mostly be interested 
in the case Y = S^. 


6.1. The conjugation symmetry on the knot Floer complex. Let H = (S, cx, /3, w, z) 

be a doubly-pointed Heegaard diagram that represents K CY, and let J be a suitable family 
of almost complex structures on the symmetric product. We then say that P = {H, J) is a 
choice of Heegaard data for K. 

Ozsvath-Szabo and Rasmussen |38l 148] defined a version of Heegaard Floer homology for 
knots, called knot Floer homology; see [22| for a survey. In their theory, to Heegaard data 
TL one associates a Z-graded, doubly filtered complex CFK°°{TL), as follows. First, one 
dehnes maps A, M : n —)• Z, called the Alexander and Maslov gradings. Then, as a 

Z 2 -vector space, CFK°°{'H) is set to have generators 

= [x, i,j], X G Tq, n Ty 3 , i,j € Z such that A(x) = j — i. 

We can also view CFK°°{'H) as a free Z 2 [t/, 17“^(-module with generators x G Tq, n T^. 
The differential is given by counting pseudo-holomorphic disks, with the values of i and j 
keeping track of going over the w and z basepoints, respectively. The Z © Z filtration is 
given by J^([x, z,j]) = (f, j). The functions A and M can be extended to the generators of 
CFK°°(H), by setting 

=T 47([x,z,j]) = M(x) + 2L 

The knot Floer complex CFK°°{H) is usually drawn in the {i,j) plane, with the generators 
represented by dots and the differential by arrows; see Figure [IT] below for an example. 
The knot Floer complex is natural: 


Proposition 6.1. If we fix (Y,K,w,z), then the complexes CFK°°{'H) form a transitive 
system in the homotopy category of (Z © Z)-filtered chain complexes. In other words, for 
every two Heegaard pairs H and H' representing {Y, K,w, z), we have a {Z Q) Z)-filtered 
ehain homotopy equivalence 

^H,H'): CF°{H,5) CF°{H',5), 


well-defined up {Z (B Z)-filtered chain homotopy; moreover, these equivalences satisfy the 
analogs of conditions (i) and (ii) from the statement of Theorem 2.2. with equality replaced 
by (Z © Z)-filtered chain homotopy. 
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Proposition |6.1| is the analogue of Proposition |2.3t and has a similar proof. Note that a 
version of naturality (at the level of homology) for link Floer homology was proved in [111 
Theorem 1.8]. 

Let us now imitate the constructions from Section 2.2 Let H = {—'E,P,a.,z,w) and 
Ti = {H, J). By [38l Section 3.5], there is a canonical isomorphism 


VK- CFK^in) ^ CFK^in), r?([x,i,j]) = [x,j,i]. 

Moreover, Ti and H represent the same knot K G Y, albeit with the roles of the w 
and 2 basepoints switched. Let ijj : Y —)• T be a self-diffeomorphism of Y given by a 
half Dehn twist along the oriented knot K, so that V'(iL) = K, ip(w) = z, ^{z) = tc, 
and 'll) is the identity outside a small neighborhood of K. Note that V' is isotopic to the 
identity. Further, the push-forward represents the same doubly-pointed knot as %. 

Proposition 6.1 gives a (Z © Z)-filtered chain homotopy equivalence 


CFK^{'il)^{U)) ^ CFK^{U). 


By pre-composing with the isomorphism induced by ili, we obtain a (Z © Z)- 

filtered chain homotopy equivalence 

CFK’^dH) ^ CFK^in), 

well-defined up (Z © Z)-filtered chain homotopy. 

Then, we set 

CFK°°{n)^ CFK^{n). 

This is the analogue of the map l from Section |2.2[ By construction, it has the property 
that if [y,^^/] is a term in iii'([x, i, j]), then 

(20) M([y,i',/]) = M([x,i,j]), i'< j, j'<i. 

The first equality says that lk is grading-preserving, and the two inequalities say that lk is 
skew-filtered —in the sense that it is filtered as a map from {CFK°°{'H),F) to {CFK°°{'H),F), 
where F{[x,i,j]) = {j,i). This follows from the fact that ^{'H,F[) is a filtered map. Fur¬ 
thermore, by construction, lk is a skew-filtered quasi-isomorphism, i.e., it induces an iso¬ 
morphism between the homology of the associated graded complexes. 

This motivates the following. 


Definition 6.2. A set of CFKI-data ^ = (C, F^ M, 5, C) consists of a free, hnitely generated 
Z 2 [C/, [/“^]-module C, equipped with a (Z©Z)-filtration T = (i, j) and a Z-grading M such 
that the action of U decreases F by (1,1) and M by 2. Further, there is a differential 
d: C ^ C that preserves F and decreases M by 1, and a grading-preserving, skew-filtered 
quasi-isomorphism t: C ^ C. 


Let = {C,F,M,d,t) and = {C,F', M',d', d) be two sets of CFKI-data. A mor¬ 
phism (/, S): consists of a filtered (and grading-preserving) chain map /: C ^ C 

such that f o L and d o f are chain homotopic via a skew-hltered chain homotopy 5: C —)• 
We say that {f,S) is a quasi-isomorphism if / induces an isomorphism on the 
homology of the associated graded complexes. We say that ‘id’ and are quasi-isomorphic 
if they are related by a chain of (back and forth) quasi-isomorphisms. The composition of 
two morphisms (/, S): ^ and {g, T): ^ is given by 

{g, T)o {f,S) = {go f,go S + To f). 
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Proposition 6.3. The quasi-isomorphism type of the set of CFKI-data 

{CFK°°{n),F,M,d,LK) 

is an invariant of the oriented knot K gY. 


Proof. This is similar to the proof of Proposition 2.8 


□ 


Remark 6.4. Given a set of CFKI-data ^ = (C, F, M, d, l), by analogy with the definition 
of CFI in Section 2.3, we can construct an associated complex 

Cl := {C[-l]®Q-C[-l],d + Q-{l + i)). 

A morphism, respectively quasi-isomorphism, of CFKI-data induces a morphism, respec¬ 
tively quasi-isomorphism, between the associated Cl, as chain complexes over the ring 
'^ 2 [Q,U,U~^]/{Q‘^). However, we are losing some information in this process, because 
(since the identity is filtered and i is skew-filtered) there is no natural (Z © Z)-filtration on 
Cl. 


When trying to compute the map lk for specific knots, we often know a simplihed 
complex that is filtered chain homotopic to CFK°°[PL), and it is helpful to transfer lk to 
that complex, to make calculations easier. Thus, the following lemma will be useful. 


Lemma 6.5. If'Y' = {C,F,M,d,i) is a set of CFKI-data, and let {C, F', M', d') he a 


filtered complex as in Definition 6.2, but without the map t. Suppose that {C,F,M,d) 
and {C,F',M',&) are filtered chain homotopy equivalent. Then, there exists a grading¬ 
preserving, skew-filtered quasi-isomorphism d of{C',d'), such that:= {C,F',M',d',i') 
is a set of CFKI-data quasi-isomorphic to 


Proof. Let /: C ^ C and g: C ^ C he the two chain homotopy equivalences, so that 
fg — 1 = dv d- vd and gf — 1 = dw + wd. We set t! = fig. Then, we construct morphisms 

ifif^w)-. , {g,wig): 

(Here fiw plays the role of the skew-hltered chain homotopy S: C —)• C"[—1] in the defini¬ 
tion of a morphism between sets of CFKI data, and similarly for wig.) Either of these is 
a quasi-isomorphism, because / and g are chain homotopy equivalences and hence quasi¬ 
isomorphisms. □ 


6.2. The Sarkar map. Lemma 2.5 implies that the map i induces an involution on Hee- 
gaard Floer homology. By contrast, for knots, recall that in constructing ik we used 
Heegaard moves that take the basepoint w to z and vice versa, following arcs on the knot 
K. Therefore, a similar argument as the one in Lemma 2.5 shows that 


4 




where <;^ is the map on CFK°°{'H) induced by moving the basepoints once around K, i.e., 
associated to the positive Dehn twist around K in the sense of [52l Section 3]. The map 
is a hltered, grading-preserving chain map, well-defined up to filtered chain homotopy 
equivalence. 

As we shall see in Section in some cases ik is determined by its behavior with respect 
to the grading and hltration, together with (partial) knowledge of its square <;■. To find g, 
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we can use the results from [52]. There, Sarkar considered the complex gCFK {'H), freely 
generated over 7^2[U] by intersection points x G ¥„ n T^, and with differential 

ySTaOT^S {(/)e7r2(x,y)|/i((/))=l,n2((/))=0} 

We can view gCFK~ (Ti) as the associated graded of the subcomplex C{i < 0) C 
CFK°°{'H) generated by [x, i,j] with i < 0, where the associated graded is taken with 
respect to the vertical filtration by J. 

The following is Theorem 1.1 in |52j . 

Proposition 6.6 (Sarkar [52|). Let K C be an oriented knot, and let 71 be a choice of 
Heegaard data for K. Then, the map (,g induced by (, on the complex gCFK~ [%) is chain 
homotopic to 1 + where 

E E (<^) • 

ySTaOT^j {i/)e7r2(x,y)|/i(<^)=l,n2((/i)=l} 

and 

^(x) = E #>!((())• 

yeTcOT^j {(/ie7r2(x,y)|;i(</>)=l,n2(0)=O} 

Further, the square is chain homotopic to the identity. 

Sucharit Sarkar also informed us of the following conjecturej^ 

Conjecture 6.7 (Sarkar). Let K he an oriented, null-homologous knot in a three-manifold 
V, and let Ti be a choice of Heegaard data for K. Let d = Ylij>o^ij differential 

on the complex CFK°° ifH), where the term dij decreases the two filtration levels by i and 
j, respectively. Then, up to (Z © Z)-filtered chain homotopy, the map ? on the complex 
CFK°°{7-1) is given by the formula 

? ~ 1 + E ° (E ^b)- 

hi>o i,j>o 

i odd j odd 

6.3. Preliminaries on the large surgery formula. Let us recall the large surgery for¬ 
mula for Heegaard Floer homology, and its proof. The original references are |38j and |48j : 
here we use the notation from |44j . 

Fix an integer p > 0. Let Yp{K) be the manifold obtained by surgery along K with 
coefficient p, and Wp{K) be the two-handle surgery cobordism from Y to Yp{K). We 
denote by Wp{K) the cobordism from Yp{K) to Y obtained by turning around —Wp{K). 
Let F be a Seifert surface for K, and F C Wp{K) the surface obtained from F by capping 
it off with the core of the two-handle. 

The spin'^ structures over Yp{K) are identified with the elements of Z/pZ as follows. The 
structure s G Spin'^(y),(iL)) corresponds to [s] G Z/pZ if there is an extension of s to Wp{K) 
such that ^ 

(ci(s), [F]) — p = 2s (mod 2p). 

Pick Heegaard data H = [H, J) for K <ZY, with 


B]. 


H = (S, Q, /3, w, z) 

^Since the first draft of this paper appeared, this conjecture has been proved by Ian Zemke | 58[ Theorem 
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Figure 1. A triple Heegaard diagram that represents the cobordism 
W!p{K). We show here the neighborhood of the meridional curve jig. This 
curve can intersect any number of alpha curves; two are shown in the picture. 


being such that w and z are on each side of the beta curve fig = ^ (the meridian of the 
knot). Here, g = ^(S) is the genus of the Heegaard surface S, which should not be confused 
with the Seifert genus of the knot, g{K). 

From this we get Heegaard data Up = {Hp, Jp) for Yp{K), where 

Hp = (S,q:,7,z) 

is such that the first g — 1 curves in the set 7 differ from the corresponding ones in [3 by small 
Hamiltonian isotopies, whereas the last curve 7 ^ is the result of winding a knot longitude A a 
number of times around jig. For simplicity, we can assume that A is the Seifert longitude, so 
that the winding is done p times. Observe that (S, a, 7 , /3, z) is a triple Heegaard diagram 
that represents the cobordism Wp{K). See Figure ul 

For each s G Z, we consider the subcomplex m CFK°°['H) generated by [x, z,j] with 
i < 0 and j < s: 

A~ = Cji < 0 and j < s} 

Let 

= Oli > 0 or j > s}. 
be the corresponding quotient complex. 


Theorem 6.8 (Ozsvath-Szabo ^ 8 ], Rasmussen [H]). There exists N >0 such that for all 
p > N and for each s G Z with |s| < pj^l, we have an isomorphism of relatively graded 
Z 2 \U]-modules 

( 21 ) HF+{Yp{K)M) = HMt)- 


The proof of Theorem 6.8 involves defining a chain map 


( 22 ) CF°°{'Hp,s)^ CFK°^{U) 

by 


(23) r“^([x,z])= ^ ^ #A1('0) • [y,z - n^(V^),i - n^(V^)]. 

ySTo-nT^ 'i/'S7r2(x,0,y) 

/^(i/>)=0, nytf>)-nz{ip)=s 

We use here the standard notational conventions in Heegaard Floer theory. Thus, if is 
a homotopy class of triangles with boundaries on the three tori Ta,T^,T.y, and with one 
vertex at the intersection point 0 G n T..^, that represents the maximal degree generator 
in homology. Note that the homotopy class xj produces a spin'^ structure s.^ on Wp{K), and 

the condition nwifj) — nzifj) = s is equivalent to (ci(s^), [F]) = 2s — p. 
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One can easily check that r“g takes the subcomplex CF {'Hp,s) C CF°°{T-Lp,s) to the 
subcomplex A~ C CFK°°('H). Therefore, we get an induced map on quotient complexes, 

(24) r+,: CF+inp,s)^At. 

One shows that for p ;§> 0, the map T+g is an isomorphism of chain complexes. How large 
p has to be depends on s and on the Heegaard diagram under consideration. However, a 
posteriori, by using the surgery exact triangle and the adjunction inequality, we see that if 


the isomorphism (21) holds for p 3> 0, then it must hold for all p > g{K) + |s|. This implies 
that we can take N = 2g{K) — 1 in Theorem 6.8; see |38l Remark 4.3]. 

In fact, we have the following. 

Proposition 6.9. For every p,s € Z with p > g{K) + |s|, the map Tj]^^ induces an isomor¬ 
phism on homology. 

Proof. By the general integer surgery formula [Hj, the homology F[F~^(Yp(K), [s]) can be 
computed as the homology of a mapping cone complex (p) of the form 



Here, each is a copy of CF~^{Y), the vertical arrows represent maps —)■ 

and the diagonal arrows represent maps h'^j^p-: A'^j^p^ —)> H+. 

Observe that Af is a quotient complex of X+(p). The natural projection induces a map 

HF+{Yp{K)M)^HMt)- 

Furthermore, it follows from the proof of the surgery formula in [33] that this map is the 
same as the one induced by on homology. 

Next, from the adjunction inequality for knot Floer homology (Theorem 5.1 in [38|) we 
know that are quasi-isomorphisms for s+pi > g{K), and are quasi-isomorphisms 

for s + pi < —g{K). Hence, if p > g{K) + |s|, all the thick arrows pictured in the map¬ 
ping cone complex above are quasi-isomorphisms. By standard filtration arguments, the 
subcomplex of X+ {p) shaded in the picture (whose quotient complex is ) is acyclic. The 
conclusion follows. □ 


Our goal is to prove an involutive analogue of Theorem 6.8 In view of Proposition |T^ it 
suffices to focus on spin structures. There are two spin structures on Yp{K) when p is even, 
and one when p is odd. In this paper we will only consider the spin structure corresponding 
to s = 0. 


The map lk on CFK°°{'H) induces a map 


^0 • ^o" 


/! + 


We set 


AI+ = (H+[-l] ® Z2[Q]/(Q2), 9 + g(l + 6o)). 

The involutive analogue of Theorem |6.8| is then Theorem |1.5| from the Introduction, which 
states that, for p > g{K), there is an isomorphism 

(25) HFI+{S^p{K),[0])^H4AI+). 
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To prove (25), it suffices to construct a chain homotopy 
(26) 


R;-. CF+{UpM) 


^0 


between the compositions to ° and r(J"Q o t. Indeed, if we had R'^, we could combine it 


p,0 


with TpQ to produce a chain map between the mapping cone complexes CFI~^{'Hp, [0]) and 


Alt, as in the diagram 


CF+{Rp, [ 0 ]) 

Q(l+t) 


p,0 


A, 



0 


Q(l+^o) 


Q.CF+{np,[0])[-l]—^Q-A+[-l] 


P,0 


By Proposition 6.9, the horizontal maps are quasi-isomorphisms for p > g{K). If we 
consider the natural two-step filtrations on the mapping cones CFI'^{T-Lp,[^]) and AIq, 
since the map on the associated graded is a quasi-isomorphism, so is the combined map from 
CFI^{'Hp, [0]) to AIq . (Compare the argument at the end of the proof of Proposition 
This would imply Theorem |1.5[ 


2.8 


will 


It remains to construct the chain homotopy Rp. Note that T^g is a filtered version of 
the cobordism map associated to the cobordism Wp{K). Thus, the construction of R^q 
be inspired by t he pr oof of conjugation invariance for cobordism maps. Theorem 3.6 in 
compare Section 4.5, Roughly, since the map i on CF~^{'Hp, [0]) is determined by a sequence 
of Heegaard moves from Rp to Rp, and the map lq on Aq is determined by a sequence of 
moves from R to R, what we need to do is to choose these sequences in a compatible way, 
so that Rp will be given by a suitable count of pseudo-holomorphic quadrilaterals. The 


way to choose the two sequences of Heegaard moves will be explained in Section 6.5 


6.4. Compound stabilizations. Before moving forward, it is helpful to introduce a new 
kind of composite Heegaard move. Suppose we are given a Heegaard diagram H = (S, a, (3, z) 
and a path on E that is disjoint from the /3 curves and the 2 ; basepoint. The path may 
intersect some a curves in its interior (such as ai,a 2 ,Ofi shown in the top left corner of 
Figure]^. An compound a-stahilization along ( consists of introducing a one-handle on S 
with its feet at the ends o^, turning into a new , 0 -circle, and making the co-core of the 
handle into a new a-circlejj This construction is shown in the top row of Figure It can 
be viewed as the composition of ordinary Heegaard moves (an isotopy, a stabilization, and 
some a-handleslides). 

The reverse process to a compound a-stabilization is called a compound a-destabilization. 
We define compound /3-stabilizations and destabilizations similarly, by switching the roles 
of the a and /3 curves. 


6.5. Heegaard moves from surgery. Recall that we have a doubly-pointed, triple Hee¬ 
gaard diagram of the form 

{T.,a,^,(3,w,z), 

as shown in Figure Here, f3,w, z) represents the knot K CY, and (E, a, 7 ,/3, z) 

represents the two-handle cobordism Wp{K) from Yp{K) to Y. 

^Compound a-stabilizations are the same as (0, //-stabilizations, in the terminology of [111 Definition 
6.26]. 
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Figure 2. A compound a-stabilization (top row), viewed as an the combi¬ 
nation of an isotopy, an ordinary stabilization, and several a-handleslides. 


Og+l 



Figure 3. The diagram {T,, a, P,w, z) from Figure after a compound 
a-stabilization. 


We seek to find a sequence of Heegaard moves relating the knot diagrams (—S, /3, q, z, w) 
to (S, a, /3, w, z), such that they induce (in some way) a sequence of moves from (—S, 7 , a, z) 
to (S, Q, 7 , z). The former sequence will be used to define the map lq on , and the latter 
to define the map i on the Heegaard Floer complex of the surgery Yp{K). This will enable 
us to construct the chain homotopy (26). 

First, notice that, in order for the roles of the a and /? curves to be more symmetric, it 
is helpful to consider a Heegaard diagram for K C Y such that w and z are not only on 
each side of a /? curve, but also on each side of an a curve. This can be arranged by doing 
a compound a-stabilization, as in Figure (The same picture appeared in the proof of 
conjugation symmetry for knot Floer homology; see |38L Figure 4].) Now w and 2 ; are on 
each side of the newly introduced curve a^+i. 

From now on let us write 


H = (S, a, f3, w, z) 
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Figure 4. The arrow labeled m indicates a base sequence of Heegaard moves 
going from the diagram H’ to H'. The alpha and beta curves are switched in 
the two diagrams, and so is the orientation of the surface. The moves include 
a diffeomorphism that reflects the shown cylinder into the center plane, and 
also rotates it by 180° about the core axis. 


for the stabilized diagram in Figure 

Let us also consider the diagram 

H' = (S',q',/3',u;',z) 

shown on the right of Figure This is obtained from the (unstabilized) a-/? diagram 
from Figured by replacing Pg with a knot longitude /?(,, as well as replacing w with a new 
basepoint tc^n the back side of the cylinder. Thus, we have 

Q = q' U {ag + l}, P={P'\ {/3'g}) U {/3g, Pg+i}. 

In the diagram we can connect z to w' by an arc ^ that intersects P'g, and we can 
connect w' to z by another arc that intersects some alpha curves (ai and a 2 in our 
picture). The diagram H’ represents the meridian /r for K, viewed as a knot inside the 
longitudinal surgery Yq{K). We choose a suitable sequence of Heegaard moves m that go 
from the diagram H' = (—S', (3', ex', z, w') to H'. We call this a base sequence of moves. The 
base sequence is supposed to satisfy certain assumptions, which will be discussed shortly. 

In general, if we have a Heegaard diagram representing a knot inside a three-manifold, 
we can connect the two basepoints by an arc in the complement of the alpha curves, and by 
another arc in the complement of the beta curves; we call their union a trace of the knot on 
the Heegaard diagram. In the case at hand, an example of a trace is the union c = .^ U 
Note that the orientation of the knot induces an orientation on the trace. 

The base sequence of moves m consists of some stabilizations, destabilizations, curve 
isotopies, handleslides, and diffeomorphisms that come from an ambient isotopy of the 
Heegaard surface inside the three-manifold. 

Without loss of generality, we can assume that the diagram H' has already been stabilized 
as many times as needed, so that m only consists of moves that do not change the surface 
(curve isotopies and handleslides), together with some diffeomorphism coming from an 
ambient isotopy; see for example m Theorem 1.1, part 2]. Note that the diffeomorphism 
must be orientation-reversing, because it takes —S' to S'. Furthermore, it must map a trace 
of the knot on —S' to a trace on S', as oriented curves. 

In fact, we can assume that the diffeomorphism takes the trace c = ^ U to itself, 
preserving an annular neighborhood A of that trace on the Heegaard surface. To arrange 
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TT 



Figure 5. A neighborhood U of the knot and a fixed trace. The two bigger 
black dots indicate the index 0 and index 3 critical points of the Morse 
function /. The plane tt cuts U into two halves, along the level set A = 
/“^(3/2), which contains c = Half of the knot is in front of vr and half 

is behind. 


this, we choose a regular neighborhood U of the knot K (a solid torus) that also contains 
the curve c, as in Figure We then fix a self-indexing Morse function f on U with only two 
critical points, one of index 3 and one of index 0, both on the knot K, such that K consists 
of two Morse trajectories between these critical points, and the level set /“^(3/2) intersects 
U in an annular neighborhood A of c. Let h denote the self-diffeomorphism of U given by a 
180° rotation along the longitude, followed by a 180° rotation along the meridian. We can 
assume that / = (3 — f) o h, and that h preserves both the knot and the trace (and rotates 
them by 180°). Note that h\Qu is isotopic to the identity (being a composition of rotations), 
so we can extend h to a diffeomorphism of all of Y such that h is the identity outside a 
slightly larger neighborhood U' D U. We now extend / to a self-indexing Morse function 
on all of T, with only index 1 and 2 critical points outside U. This produces the Heegaard 
diagram H'. Moreover, we interpolate between / and {3 — f) o h on the complement of U, 
without changing the values of the function on dU. We let m be the sequence of Heegaard 
moves induced by this interpolation, via Cerf theory, combined with the diffeomorphism h 
inside U. 

Note that the diffeomorphism h takes a neighborhood of the trace (the cylinder A shown 
on the left of Figure Q to the cylinder on the right. Since the orientation of the trace is 
preserved but that of the surface is reversed, the two boundaries of the cylinder must be 
swapped. Moreover, the diffeomorphism swaps the basepoints w' and z. In fact, from our 
construction we see that in the part of the diagram shown in Figure]^ the diffeomorphism 
consists of a reflection into the plane of the trace, followed by a 180° rotation about the 
core of the cylinder. 
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Figure 6 . The base sequence of moves m from Figure after drilling, 
induces a set of moves ending at the diagram H from Figure Here, H is 
shown on the right hand side of the picture. The left hand side represents 
the conjugate diagram H (modulo an isotopy that moves z and w lower in 
the diagram, on each side of the curve and keeps all the curves fixed). 

Note that, because of the 180° rotation involved in m, the curves and 
I3g are interchanged in the two pictures. Also, the left vs. right position of 
w and z is switched because of the reflection in the center plane. 


The reason we started with a base sequence of moves m as above is because it induces a 
well-behaved set of moves from H to H. Indeed, we can view H (the diagram in Figure]^ 
as obtained from H' by adding a one-handle with feet near z and w', re-labeling w' as rc, 
re-labeling Pg as /3g+i, and introducing two new curves a^+i and (3g. Let us say that H 
is obtained from H' by drilling, and so is H from H'. With this in mind, observe that 
any Heegaard move (isotopy or handlelside) of the a curves that is part of the sequence m 
induces a move of the corresponding a curves on the diagram obtained by drilling, without 
involving the new curve a^+i. Indeed, the original a-moves are supposed to not cross the 
basepoints w' and z, so we may as well assume that they do not cross the arc It is then 
clear that there are similar moves in Figure By the same token, we can assume that 
the original /3-moves do not cross the arc , and therefore induce /3-moves on the diagrams 
obtained by drilling, without involving fig. Finally, the diffeomorphism h that is part of the 
moves m induces one on H that is still given by reflection in the vertical plane, composed 
with a 180° rotation along the horizontal axis in Figure]^ 

We have now identified a sequence of Heegaard moves that relate the knot diagrams H 
and H. We would like to have a related sequence of moves for the Heegaard Floer complexes 
of the surgery Yp{K). For this, we extend H to a, triple Heegaard diagram 

where in the new set of curves 7 we exchanged (3g for a longitude 7 ^, twisted p times around 
/3g. (Compare Figure [^) For our stabilized diagram H, the result of adding the curves 7 is 
shown on the right hand side of Figure Furthermore, we can follow the same sequence 
of moves as in Figure]^ (induced by m), with 7 curves instead of /3 curves. This is possible 
because the moves do not involve /3g (except for the diffeomorphism), and hence we may 
take them to keep 7 ^ fixed as well. The result of the moves induced by m on the triple 
Heegaard diagrams is shown in Figure 

The a and 7 curves on the right hand side of Figure form a diagram representing the 
surgery Yp{K). However, the corresponding a and 7 curves on the left hand side do not give 
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Figure 7. These are the moves from Figure with a third set of curves 
added. The triple diagrams represent the cobordism Wp{K). 


the conjugate diagram. In order to obtain a sequence of moves that can be used to define 
the involution on CF^{Yp{K)), we add another set of moves, which we call the standard 
sequence, shown in Figure Let us ignore the S curves from that figure for a moment. 
Then, the standard sequence starts at the diagram conjugate to (S, a, 7 , w, z), and ends at 
the a-j diagram on the right hand side of Figure The standard sequence consists of a 
handleslide of the a longitude over the a curve, followed by a compound a-destabilization 
(removing the upper handle), followed by a compound a-stabilization (introducing a new 
lower handle), followed by several 7 -handleslides over the 7 curve in the middle, and finally 
a diffeomorphism (several Dehn twists that unfurl the a curve at the expense of furling the 
7 curve). 

If we do the standard sequence of moves, and follow it by the sequence induced by m on 
the a-j curves, we obtain a sequence of moves from (—S, 7 , 01 , 2 ;) to (S, a,j, z). This is 
the kind of sequence needed to define the involution on CF~^(Yp(K)). 

Thus, we have constructed sequences of moves for both the knot Floer complex (with the 
a-fd curves) and for the Floer complex of the surgery (with the a-j curves). Unfortunately, 
the two sequences are not of the same length: the former consists of the moves induced by 
m, whereas the latter involves both the standard sequence and the moves induced by m. In 
particular, we do not yet have a suitable set of moves for triple diagrams (with the a, /3, 
and 7 curves). 

To understand the moves on triple diagrams, let us first clarify what we mean by the 
conjugate of such a diagram. Normally, in Heegaard Floer theory, when we have a cobordism 
given by surgery on a link, we consider triple diagrams that are right-subordinate to that 
cobordism as in |43l Definition 4.2] (where the terminology is “diagrams subordinate to 
a bouquet for the link”). For example, (S,«, 7 ,/3, z) is a triple diagram subordinate to 
the cobordism Wp{K) from Yp{K) to Y. This induces a map from CF~^{Y,ol,'^,z) to 
CF~^j3, z). The name right-subordinate refers to the fact that, in these two Floer 
complexes, the boundary conditions on the right of the pseudo-holomorphic disks are the 
same; in our case, they are given by the a curves. 

In their proof of conjugation invariance for cobordism maps |43( Section 5.2], Ozsvath 
and Szabo introduced the notion of a triple Heegaard diagram that is left-subordinate to a 
surgery cobordism. This means that the boundary conditions on the left are being fixed. For 
example, if we have a triple diagram (S, ct, 7 , /3, z) that is right-subordinate to a cobordism, 
its conjugate is the diagram (—S, a,/3, 7 , 2 ;), left-subordinate to the same cobordism. The 
conjugate induces a map from CF~^{—T,,'y,a,z) to CF~^{—Tj,(3,ol,z). 
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Figure 8 . The standard sequence of moves on triple diagrams. 


In our situation, with (S, a, 7 , (3, z) being the diagram on the right hand side of Figure]^ 
its conjugate is the diagram shown at the very beginning of the standard sequence from 
Figure Indeed, notice that the a and 7 curves are interchanged, and the /3 curves are re¬ 
labelled as 5. Let us add the new set of curves <5 to all the diagrams involved in the standard 
sequence, following the respective moves. Throughout Figure]^ the 5-7 diagrams (with the 
basepoints z and w) represent the knot K CY. The triple diagrams (—S, 7 , 5, ct, z) are 
left-subordinate to the cobordism Wp{K); such left-subordinate diagrams induce cobordism 
maps from CF~^{—Y, a,^, z) = CF^{Yp{K)) to C'F’''(—S, 5, 7 , z) = CF^iY), by counting 
7 - 5-0 triangles. 

Notice that we cannot go from the conjugate diagram {—Y, a, f3,^, z) to {Y,a,^, f3, z) 
by a sequence of usual Heegaard moves, because these cannot transform a left-subordinate 
diagram into a right-subordinate one. Instead, the best we can do is the following: 

(i) Go through the standard sequence of moves in Figure]^ 
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Figure 9. A quadruple Heegaard diagram. 


(ii) In the last diagram from Figure replace the delta curves with beta curves as on 
the right hand side of Figure This changes a left-subordinate diagram into a right- 
subordinate one; 

(iii) Finally, go through the moves induced by m, as in Figure]^ 

This is the process we will use to define the chain homotopy ( |26| ). Step (ii) in the process 
may seem abrupt, because, for example, it involves passing directly between two (seemingly 
unrelated) diagrams for K CY: the h-y and the a-f3 diagrams. Nevertheless, a step of this 
kind seems unavoidable, and was also considered in the proof of conjugation invariance for 
cobordism maps m Section 5.2]. The quadruple Heegaard diagram that appears in Step 
(ii) is shown in Figure]^ 


6.6. Proof of the involutive large surgery formula. We are now ready to complete 


the proof of Theorem 1.5 from the Introduction. By the discussion at the end of Section [6^ 
our task is to construct the homotopy (26) between to ° Tpo ° 


We use the moves on triple Heegaard diagrams described near the end of Section 6.5 


sequences (i)-(iii). At each step in these sequences, we have a triple Heegaard diagram that 
is either left- or right-subordinate to the cobordism Wp{K). Further, we have not one but 
two basepoints, so by dropping one set of curves we obtain a Heegaard diagram for 
the knot K G Y, for k = 0,1,..., m. Let Hp ^ be the corresponding Heegaard diagrams 
for the surgery Yp{K). Let us add suitable almost complex structures, to obtain Heegaard 
data for A C y and for Yp{K). For each i, we have a chain map as in ( |24[ ), with 
s = 0: 

CF+{nf\[Q])^ 


Recall from (23) that these maps are obtained by counting rigid pseudo-holomorphic trian¬ 
gles in homotopy classes if: with nu,{'ij}) = nz{ip)- 

The moves on Heegaard diagrams produce chain homotopy equivalences 

A^): CF+{nl^-^\ [0]) ^ (7F+(Af), [0]) 

and 

for k = 1,..., m. In the case of there is a special situation for a certain value 

of k, corresponding to the abrupt Step (ii) mentioned at the end of Section 6.5, Nevertheless, 
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in this case we can still construct an equivalence see Figure 

discussion of Step (ii) at the end of this section, 


10 


and the 


Observe that (the a -7 diagram at the beginning of Figure is conjugate to 
(the a-'j diagram at the end of Figure]^. Moreover, the composition 

:= o • • • o C'F+(?^W, [0]) ^ CF+{'H‘'^\ [0]), 


together with the canonical identification r] of the complexes CF^{li!'p \ [ 0 ]) and CF^ [ 0 ]), 

produces the map t: CF~^ {FL^\ [ 0 ]) —> CF~^ {FL^\ [ 0 ]). 

Similarly, the knot diagram (the 5-'y diagram at the beginning of Figure]^ is con¬ 
jugate to (the a-j3 diagram at the end of Figure]^. The composition 

together with the identification gives the map io: Aq{'H^'^^) —)• 

Consider the sequence of diagrams 


cF+{vf\m 


n + ,{0) 
P ,0 




R, 


+,{ 1 ) 


-4+('HW) 


^ Y 


CF+ini!" [ 0 ]) —^ ^+(-^(*^- 1 )) 




R~r 


.(fe) 


CF+{'Hf\[Q]) 


p + ,(fc) 

P,0 




A+(?^W) 




R. 


+ ,(m) 




CF+(?^J,™\ [0]) 


P+,(m) 

P,0 


■A+(?^M). 


F 


We claim that, at each step, we can construct chain homotopies between 

and Tpp'^ If so, this would imply that we have chain homotopies 


o 




and hence 


io o F 


+ ,(m) 

p,0 


r\j 


-p+,(m) 

P,0 


o i, 


as desired. 

_ 1 _ 

The construction of the homotopies Rp proceeds by standard arguments in Heegaard 
Floer theory. Typically, the maps of the form ^{T-Lp~^\'H!p^) and 

are given by counts of pseudo-holomorphic triangles with n«,('0) = Uziip)- We can then 
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CFI+{Y,[K)) 




4 + 
^0 





Figure 10. Chain homotopies in Step (ii), for the maps coming from Figure^ 


define Rp'^ ' by counting suitable pseudo-holomorphic quadrilaterals, again in homotopy 
classes with nwii/j) = nzi'tp). 

A special situation appears at Step (ii), illustrated in Figure]^ In this case, the diagram 
that represents Yp{K) is unchanged (it is the a -7 diagram), but the diagram that represents 
K C Y changes directly from the < 5-7 diagram to the a-l3 diagram. We then construct the 
corresponding chain homotopy following Figure liol (This is inspired by [431 Section 

5.2].) Observe that the f3-6 diagram represents the knot K in Y^{S^ x S'^), and the 
associated Aq complex consists of two copies of the complex for AT C T. These two 
copies, A+(.) and A+(o) can be distinguished by whether their generators contain the black 
dot or the white dot from the intersection I3g n 6g in Figure]^ Each copy is isomorphic to 
the Aq complex formed using the (3 and 5 curves in the destabilized diagram obtained by 
deleting (3g, 5g, and the handle. Furthermore, as a corollary to Proposition [ 6 ^ we have that 
all Aq complexes coming from different diagrams for K C Y are chain homotopy equivalent, 
by canonical equivalences (up to chain homotopy). Thus, in particular, we have canonical 
equivalences 


(27) 


Aq (S, a, /3, w, z) ~ A^ (•) ~ A^ (S, S, 7 , w, z), 


which are indicated by the long diagonal arrows on the right of Figure 10 


The 6-^-/3 and (3-6-a triangle maps in Figure are right-, resp. left-subordinate to the 
two-handle cobordism from Y to Y^{S^ x S^), and therefore they are chain homotopic to 
the inclusion 

A+~A+(.)-a A+(.)©A+(o). 

This shows that the post-composition of either of these triangle maps with the projection 
to A+(.) is chain homotopic to the respective canonical equivalence from ( |27[ ). (We can 
think of the composition as adding a two-handle, followed by a cancelling three-handle.) The 


corresponding chain homotopies are shown as dashed arcs towards the right of Figure 
let us denote them by Rs^p and RpSa, respectively. There is yet another chain homotopy 
in Figure [Tot represented by the dashed arc on the left, and given by counting holomorphic 
a- 7 -/ 3-(5 quadrilaterals, with n^(V') = n^(i/’). We denote this chain homotopy by Ra'yps- 
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_l_ 

We now define the chain homotopy Rp’^ between the j-S-a and triangle maps as 

the sum of three maps, following Figure [T0| Specifically, the three maps are the composition 
of the 'y-6-a triangle map with Rs^y/s, the composition of Rayps with the projection to Aq (•), 
and the composition on the a-^-13 triangle map with Rpsa- 


This finishes the proof of Theorem 1.5 


6.7. Involutive correction terms for large surgeries. Let us now specialize to knots 
in 5^. Given Heegaard data R ioi K d , let 

B+ = C{i > 0} = C'F+(S,q,/3,r;) C CFK^{n) 

and consider the natural projection 

Uo+: A+^B+. 

Since the kernel of Vq is finite dimensional and 77*(i?"*") = , we see that 

the map induced on homology, (Ufj")*, must be surjective. Following the notation from |45j . 
we let Vq = Vq{K) be the nonnegative integer such that, for n 3> 0, the map on t/-towers 

is given by multiplication by . _ 

Let p > g{K). Under the identifications H^{Aq ) = FlF~^{Yp{K), [0]) from Theorem 6.8 
and H^{B^) = HF~^{S^), the map is the one associated to the cobordism Wp{K) 

(and the zero spin structure). From the formula © for the grading shift, it follows that 


(28) 


d(53(iL),[0]) = 


p — 1 


- 2VoiK). 


The quantity Vo{K) can also be identified with —d{Sf{K))/2, and is an invariant under 
smooth knot concordance. It was studied in [ISl HU 351 36] • In [Ml Definition 7.1], it 
appears in the form of Rasmussen’s local /i-invariant hQ{K) = Vq{K). Different conventions 
are used in |49j : with hg as defined there, we have Vq{K) = hQ{K*), where K* is the mirror 
of K. 

Now we define analogous invariants using involutive Floer complexes. In view of Equa¬ 


tion (28), it is natural to set 

(29) 
and 

(30) 


Yo{K) = ^[^-diS^piK), 




d{S^p{K),[0])). 


Then, Theorem |1.6| is a tautology. However, there is something to prove, namely that 
Yo = Yo{K) and Vq = Vq{K) are independent of p > g{K). To see this, observe that the 
isomorphism from Theorem 1 1. 5| fits into a commutative diagram of long exact sequences 


Q-HF+{Yp, [ 0 ])[-l]-- HFI+{Yp, [ 0 ])-- HF+(Tp, [ 0 ])[-l] 


...-- Q-H*(H+)[-l]-- 77*(T/+)-- 77*(H+)[-1]-- ... 

Thus, we can compute Vq and Uo by looking at the two infinite [/-towers in 7[*(T/]J"), and 
comparing the minimal gradings in each tower to the minimal grading of the [/-tower in 
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H^{Aq). Precisely, let x be a generator in the minimal grading of the tower in 

and let x and Q • x be generators in the minimal gradings of the first and second towers in 

H^{AIq), respectively. Then 

1 _ 1 _ 

Yo = Vo + -(gr(x) - gr(x)), Vo = Vo + -(gr(x) - gr(x)). 

These formulae do not involve p. Furthermore, this is how we will compute Vq and Pq in 
practice. 

It follows from (29), (30) and Proposition 5.1 that 

Po < Po < Po- 

Since Vq is nonnegative, so is Pq- However, we shall see in examples that Pq can be negative. 
Proposition 6.10. Pq and Pq are invariants of smooth knot concordance. 


Proof. By Proposition 5.4, d and d are invariant under (smooth) homology cobordisms. 
Since a concordance of knots induces a homology cobordism between the p-surgeries, we 
obtain the result. Compare [461 Proposition 2.1]. □ 


6.8. An example: +1 surgery on the trefoil. As an example, we compute the involutive 
Heegaard Floer homology of Sf{T£) = —S(2, 3, 7), where Tg is the left-handed trefoil. Note 
that Ti has genus 1, so this is a large surgery. 

A picture of CFK°°{Ti) appears in Figure 11 Notice that it splits into the direct sum 


of complexes U^C,k G Z, where the complex C consists of three elements xo,xJ,xJ with 
dx\ = dx\ = xq. (This notation, while slightly cumbersome in such a small complex, has 
been chosen to match our notation for a more general case, which appears in Section]^ and 
[^) Here, xo is in homological degree 1, and x\ and x\ are in degree 2. Therefore 

HF+(-S(2, 3, 7)) ^ HMt) = V ® (^2)(0), 


where we use the standard notation in Heegaard Floer homology: 7)-^ denotes an infinite 
tower Z2[17, U~^]/'L 2 [U] with the lowest element in degree j, and (Z) 2 )(j) denotes a copy of 
Z 2 in degree j with trivial U action. In our case, the lowest-degree element in the tower is 
represented by \U{x\ + xf)], and the additional element is represented by [t/xjj. 

Note that the map lk on CFK°°{T() is completely determined by its behavior with 
respect to the Maslov grading and the Z © Z filtration. Specifically, lk preserves xq and 
swaps x\ with x\. 

We now compute the involutive homology H^{AIq). The chain complex 
AI+ = (A+[-l]©Q-A+[-l],a + Q-(l + to)) 

breaks into a direct sum of subcomplexes, two of which are pictured in Figure [T^ The first 
has four elements; the second has six elements, and all subsequent complexes (not pictured) 
are copies of the second multiplied by U~^ for k > 0. We see that the homology of the four 
element complex is 

Z 2 {[U{x\ + X?)], [UQxl] = [UQxl]) 
and the homology of the six element complex is 


Z 2 ([x} + Xi], [Q{x\ + xl)] = [xo]). 
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U-^xo 


Ux\ 


Uxo 


Ux‘ 


Figure 11. 


The knot Floer complex of the left-handed trefoil. 



Figure 12. Calculation of -|-1 surgery on the left-handed trefoil. 


Note that U[x\ + xf] = [U{x\ -|- x\)]^ whereas U[Q{x\ + x\)] = [t/Qxj;] -|- [C/Qxf] = 0. 
Therefore we see that 


HFI+{-T.{2, 3,7)) ^ 71+ © T+ © (Z2)(o) 


where the lowest-degree elements of the towers can be taken to be \U{x\ ©xf)] and [Q{x\ + 
xf)]. Here the degrees are fixed by comparison with i7F+(—S(2, 3, 7)). We conclude that 


d(-S(2,3,7)) = 1 - 1 = 0, (i(-S(2,3, 7)) = 2. 

Using the properties of d and d under orientation reversal (Proposition |5.2| ), we obtain the 
calculations for S(2,3,7) stated in the Introduction. Combining these calculations with 


Corollary 4.8, we get Corollary 1.4 


With regard to the smooth concordance invariants defined in Section 6.7, we have Vo{Tg) = 
Vo{Te) = 0 and V{Te) = -1. 


6.9. Failure of additivity. We are now ready to give an example showing that the maps 

d, d: —)> Q 

are not homomorphisms. Take Y = S(2,3,7) and consider the connected sum Y^Y. We 
have computed that d{Y) = —2. If d were additive, then we would get d(Yij^Y) = —4. 
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On the other hand, from the calculation of HF^{Y) in m p.47] and the connected sum 
formula |39l Theorem 1.5] we get 


HF+{Y#Y) = V ® (^2)(_i) © (Z2)-2. 


From the exact triangle ( [HI ) relating FIFI^ (Y^Y) to HF~^{Y #T) we see that F[FI~^(Y #T) 
cannot have any elements in degrees less than —2. Hence d{Y^Y) cannot be —4, and d is 

not additive. _ 

By changing orientation, in view of Proposition 5.2, we see that d is not additive either. 


7. L-space knots and their mirrors 

A knot K <Z Is called an L-space knot if the surgery Sp{K) is an L-space for some 
integer p > 0 (and hence for all p ^ 0). In |41) . Ozsvath and Szabo proved that if K is an 
L-space knot, then the Alexander polynomial of K is of the form 

m 

AKit) = i-ir + 

i=l 

for a sequence of positive integers 0 < ni < n 2 < • • • < Um- Here, Um = g{K) is the genus 
of K. Let n{K) > 0 be the quantity 

n{K) := Um - rim-i H-h (-l)”'"^n 2 + 

Furthermore, let ig = n-s — Ug-i- 

Ozsvath and Szabo also proved that the knot Floer complex CFK°° {K) is completely 
determined by this information. Before giving their description, it is helpful to introduce 
the notion of a model complex for CFK°° (K). 

Definition 7.1. Given a knot K, we say that C is a model complex for CFK°°{K) if 
CFK°°{K) ~ C ©Z2[17~^, U], where h 2 [U~^, U] is regarded as a chain complex with trivial 
differentials. 


For example, the complex C from Section 6.8 is a model complex for CFK°°{Ti). 


Remark 7.2. There is an important subtlety to note at this juncture. To say that C is a 
model complex for CFK°° implies that it is preserved by d, but not necessarily by lk- This 
will not be relevant to the proofs in this section, but in the future computations in Section 
it will frequently be the case that only C © Z2[17“^, U] is preserved by lk- 


If K is an L-space knot, then CFK°° (K) has a model Z 2 -complex C with generators 
xq, x\, xf, ■ ■ ■ as follows. The (z, j)-grading of xq is (0,0), the grading of is 

{—n{K), g{K) — n{K)), and in general the gradings of and x^_^ 2 s+i) differ only in the 

i-grading by im- 2 s and the gradings of x(^_^ 2 s+i) ®m-( 2 s+ 2 ) differ only in the j-grading 

by £m-( 2 s+i)- Moreover the complex is symmetric: if gr(x^) = (i,j), then gr(x^) = {j,i). 
There is no need to keep track of the homological grading. 

The differentials in the complex C form a “staircase” as shown in Figure [T^ If m is odd, 
then the nonzero differentials are 

d{xo) = x\+ x\ d{x\) = xl_i -k xl^i for s > 0 even, t G {1, 2} 

whereas if m is even, the nonzero differentials are 

d{x\) = xq + x\ 9{xl) = x\_i -k x\_^i for s > 1 odd, t G {1, 2}. 
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1 


CjXo 


>- 171-1 

^2 


Xo' 


Figure 13. Model complexes for the knot Floer complex of an L-space 
knot. The case m odd is on the left and the case m even is on the right. 


The quantity n{K) is the total length of the horizontal arrows in the top half of the 
complex C. 

From the above description of CFK°°[K) we see that ) ~ T"*" with lowest-degree 

element represented by = [x^], and ~ with lowest-degree element repre¬ 
sented by We deduce that 


Fo = n{K). 


By definition, large surgeries on L-space knots are L-spaces. By Corollary 4.8, their 


involutive Heegaard Floer homology is determined by their usual Heegaard Floer homology, 
and in particular we have 

Vo{K) = Vo{K) = Vo{K) = n{K). 


It is more interesting to consider mirrors of L-space knots. These have the property that 
sufficiently negative surgeries along them yield L-spaces. An example of such a knot is the 
left-handed trefoil Ti from Section [6.8[ 

If K is the mirror of an L-space knot, let n*,!'* and n{K) be as before. (The Alexander 
polynomial, and hence these quantities, are unchanged under taking mirrors.) The knot 
Floer complex does change: There is now a model Z 2 -complex C for CFK°°{K) with 
2m + 1 generators xq, xj;, xf, • • • ,x)^,x^, as follows. The (i, j)-gradings of xq and x)^ are 
gr(xo) = (0,0) and gr{xl^) = {n{K),g{K) - n{K)). The gradings of Xm- 2 s and Xm-{ 2 s+i) 
differ only in the j-grading by im- 2 s and the gradings of Xjn-{ 2 s+i) and Xjn-{ 2 s+ 2 ) differ 
only in the i grading by I'm-( 2 s+i)- Moreover, the complex is symmetric: if gr(x^) = (i,j), 


Precisely, if m is odd, the nonzero differentials are 

d{x\) = Xo + X 2 

d{x\) = x*_,_i -|- x\_i for s odd, I < s < m 
^i^m) ^m—1 


then gr(xf) = {j,i)- The differentials in this complex form a “staircase” as in Figure 


14 
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m—1 
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Figure 14. Model complexes for the knot Floer complex of the mirror of 
an L-space knot. The case m odd is on the left and the case m even is on 
the right. 


whereas if m is even, the differentials are 

d(xo) = +xf 


^(^s) = ^s+i + 'S even, 0 < s < 


m 


^(^m) ^m—1' 

Observe that now n(K) represents the total length of the vertical arrows in the top half 
of the complex C. 

By Lemma 6.5 we can transfer the conjugation map ck to any complex filtered chain 
homotopy equivalent to CFK°°{K); in particular, to C (8)Z2[f7“^, U], Thus, we can assume 
that CFK°^(K) = C and look for a map lk on this complex that respects 

the Maslov grading, and is a skew-filtered quasi-isomorphism. 

In our case, since U decreases Maslov grading by two, the map lk must preserve each 
subcomplex V^C, for n G Z. In fact, given the requirements for tx, it is easy to see that 
there is a unique possibility: 

(31) iK{xo) = Xo, Lxixl) = xl, iK{xl) = xj. 

Thus, we have all the information needed to compute the involutive Heegaard Floer 
homology of large surgeries on K. In particular, let us spell out the values of Vq{K) 
and Vo{K), which by Theorem 


1.6 


determine the involutive correction terms of the large 


surgeries. 


Proposition 7.3. Let K he the mirror of an L-space knot. Then Vq{K) = Vq{K) = 0 and 
Vo{K) = -n{K). 

Proof. From the above description of CFK°°{K), we see that is the largest t/-power 

of C with nontrivial intersection with Aj". For context, let us begin by computing H^{Aq ) 
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and and thus Vq. (The reader who is familiar with this computation may skip the 

next two paragraphs.) 

Let = {U^C) n Aq , so that = 0For k > n{K), we have 

= 0. For n{K) > k > n{K) — £m, the complex has generators and U^x'^ 

and no nonzero differentials, hence has homology 

= Z2{[U>^xl + U>^xl], [U>^xl]). 

Similarly, if n{K) - im - ■■■ - ^m-2s > k > n{K) - im - ■■■ - ^m-(2s+2), then is 
generated by the powers of xj^,x^,--- , x^_ 2 s) ^m- 2 s with the inherited differentials, 
and has homology 

S S 

22{lU'=Y,ixL-2, + xl-2t)W‘‘ E 

t=0 t=0 

Finally, for /c < 0, = U^C C Aq ^ and the homology is one of the following, 

according to the parity of m: 

{ m 

^2([C^^(EiLo(®m-2i + xl^-2t) + xo)]) for m even, 

^2([C^^(Ei'3r (®m- 2 t + ^m- 2 t)]) for m odd. 

We see that {{^^{Aq) ~ where the lowest-degree element in T® can be taken 

to be + x^)]. An extremely similar computation shows that H^{Bq ) ~ T^, 

where the lowest-degree element can be taken to be which is the image of 

[U'^^^\x}^ +x^^)] under the map xq: -^^*(^ 0 ") Therefore, Vq is modelled on the 

identity in sufficiently large degrees, and we have Vq = 0. 

We now turn our attention to the computation of foo and Vo- Recall that we must have 
(1 -|- iK)xl = xl + x'^ and (1 -|- iK)xo = 0. 

Let us compute the homology of the complex AI^. Since 1 + lk preserves C, it suffices 
to compute the homology of 

Clik) _ 


for each integer k. 

For k > n{K), the complex is trivial. For n{K) > k > n{K)—£m, the complex 
has generators U^x^^ and QU^x\y^ {t G {1,2}) and the only contribution to the differential 
comes from Q-{1 + lk)] therefore, the homology is 

M[U\xl + x^)], [U^QxU = [U'^QxU)- 

Similarly, ifn(iL)——• • ■—£m- 2 s >k> n{K)—£m — - ■ ■—£m-{ 2 s+ 2 )^ then is generated 
by x(„, • • • , x\^_ 2 s-, Qxlrij • • • ) Qx\n- 2 s-: with the inherited differentials. The homology of this 
complex is 

5 5 5 

M[U^Y.^xl_2t + xl_2t)]AU^QY.xl_2t] = [U^QY.^l-2t])- 

t=0 t=0 t=0 
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Finally, for k < 0, the homology is one of the following, according to the parity 

of m: 

m 

m 

[U^QiT,tto{xln- 2 t + xl^- 2 t) + a^o)]) for m even, 

m — 1 

^2{[U^iY^tJo ixln-2t + xl^_ 2 t)], 

m — l 

[U^QiT^tJo (xL- 2 t + xl,_ 2 t))]) for m odd. 

Notice that regardless of the parity of m, the generator of in the image of Q is 

annihilated by multiplication by U. Therefore, combining all three computations above, we 
see that, as a Z 2 [17]-module, the involutive homology H^{AIq) is r+©r+©Z®”(-^\ where 
the first tower has lowest-degree element +x^)] and the second has lowest-degree 

m m — l 

element either [Q{Y.ttoixln- 2 t +x‘L- 2 t) + xo)] or [Q(Et=o ixl^- 2 t +x‘i- 2 t))]i according to 
the parity of m. Comparing with the homology of we conclude that Yo = 0 and 
Fo = -n{K). □ 


= < 


8. Large surgeries on thin knots 


8.1. Thin knots. A knot K <Z \s called Floer homologically thin (or thin) if its knot 
Floer homology 

HFK{K)= 0 HFKkiKJ) 

is supported in a single diagonal line j — k = t, for some r G Z. Thin knots were introduced 
in |48l I50j . The value r = t{K) is the knot concordance invariant defined in |48l I37j . 

Alternating knots were shown to be thin in [36]. A more general class of knots, called 
quasi-alternating knots, were also found to be thin m- Furthermore, in these cases we have 
r = where a is the signature of the knot. It is an open question whether r = —it/2 

for all thin knots. 

For thin knots, the complex CFK°°{K) has been described by Petkova |47[ Lemma 7]. 
By her work, we know that there is a model complex C for CFK°°{K) consisting of a direct 
sum of a single staircase and some number of square complexes. 

Let us introduce some notation. For a thin knot K, all differentials in CFK°°{K) are of 
length one, going in either the horizontal or the vertical direction. Given a basis element 
X G CFK°°{K) lying in grading (f, j), we let dhorzix) denote the horizontal part of the 
differential, so that &boi:z{x) lies in grading {i — l,j). Similarly, we let (9vert(a;) denote the 
vertical part of the differential, so that Overt (a?) lies in grading {i,j — 1). If y is a sum of 
basis elements in multiple gradings, then 0horz(2/) and Overt (y) are computed using linearity. 
We now introduce the Z 2 complexes that are used to build the model complex for CFK'^ 


A staircase complex of step length one consists of 2m+I basis elements xq, x\,x\, ■ 
such that xq is in grading (0,0), and the complex has one of the forms shown in Figure 15 


1 2 
! Xjjij Xjj2^ 


A square complex consists of four elements a in grading {i,j), b in grading (i — l,j), c in 
grading (i — l,j), and Ue in grading (i — l,j — 1), with differentials 

Ohorz(n) — b, Overt (n) — C, Overt (fl) — Ojjorz(c) — Ue, d{U e) — 0. 


A remark on notation: we use Ue instead of e so that a and e lie in the same grading, 
which will be convenient in future. Furthermore, because of the potential of confusion with 
a differential, we do not use “d” to label any element in the chain complex. 
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Figure 15. The four staircase complexes with step length one. For larger 
5, see Figures [T9| and 


versions, 


22 


•<- 

Ue 


Figure 16. A square complex 

The element a is called the initial corner of the square. An important feature of a initial 
corner a is that 9horz9vert(a) = 9vert'9horz(a) 7^ 0. Notice that no other basis element of a 
square complex or a staircase complex has this property. 

As mentioned above, the model complex C consists of a single staircase and some number 
of square complexes. The value of the knot invariant r can be read from the staircase. 
Indeed, for a staircase with 2m + 1 generators, we have 

(32) m = |t|. 

Further, the sign of r is positive if we are in one of the first two pictures in Figure [I^ (that 
is, the differential connecting and is horizontal), and is negative otherwise. 

The Euler characteristic of HFK{K), which is the Alexander-Conway polynomial of the 
knot, takes the form 

Ai^(f) = {r^ - +- + r) - (f-i - 2 + t)r{t), 

for some symmetric Laurent polynomial r{t) of the form 

r{t) =ro- ri{t~^ + t) H-h (-l)^rfc(f“^ + t^), 

with Tj being nonnegative integers. The polynomial r(t) encodes the positions of the square 
complexes. In particular, r’(—1) represents the total number of squares. 

The determinant of the knot is given by 

(33) T» = Ak(- 1) = 2m + I + 4r(-I). 

Thus, the number of square complexes is 

(34) r(-l) = (L»-2|r| - l)/4. 

The parity of r(—I) will play an important role in our considerations. Note that this is 
simply the parity of tq, so we will refer to it as such. 

Let us also define 

(35) 


n{K) = I'm/2]. 
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Ub 


u-^b -* 


U-^c 


Ue 


Ua 

U^e 


Ux 


Uc 


Figure 17. The knot Floer complex for the figure-eight. 


When there are no squares (so that K is an L-space knot), this coincides with the definition 
of n{K) in Section]^ 

Our goal will be to analyze the conjugation map lk on CFK°° {K). By Lemma 6.5, we 
can assume that CFK°°{K) is given by C (8) Z2[17, where C is our model complex. 

Suppose we have a generator x = [x, i, j] of C (8iZ2[C/, U~^]. Recall that lk is skew-filtered, 
that is, it takes a: to a sum of elements supported in the quadrant with upper right corner 
at (i, j). Furthermore, since iL is a thin knot, the Maslov grading of x is given hy i + j — t. 
It follows that, in the (i,j)-plane, iK{x) must be on the diagonal with the same value of 
i -|-j as X. Combining this with the skew-filtered property, we actually get that tR'(x) must 
be supported in the point with coordinates (j, i). 

To get more information about lk, it is helpful to know its square b\, which equals the 
Sarkar involution cf. Section 6.2, Since b\ = <;■, we must have that ? preserves the support 
(i,j). One consequence of this is that ? equals the map induced by ? on the associated 
graded (with respect to the vertical filtration j). 

Now, recall from Proposition |6 . 6| that the map can be computed explicitly. In fact, for 
thin knots, the result of this computation appears in j52L Section 6]. We can describe it as 
follows. On the staircase complex, ? = is the identity. On each square complex, we have 

(36) ^(a) = a + e, <^{b) = b, ?(c) = c, ?(e) = e. 

We are left to find lk that squares to this map, and takes elements supported at (i,j) to 
elements supported at (i, i). 

8.2. The figure-eight knot. As a first and motivating example, we compute lk in the 
case of the figure-eight knot 4i, for which m = 0 and r{t) = 1. The complex C'FA“(4i) 
appears in Figure [T^ We write x = xq for simplicity. 


This chain complex has eight grading-reversing automorphisms. Indeed, in all of them we 
must have iK{b) = c, lk{c) = b and (because lk is a chain map) tii'(e) = e. Further, lk{x) is 
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Figure 18. Parts of the AIq complex for the figure-eight. 


either x or x+e, and lk{cl) is a, a+e, a+x or a-|-x-|-e. This gives eight possibilities. However, 
six are eliminated because they do not square to the Sarkar involution x ^ x, o—)-a + e. 
The remaining two maps 

X ^ x + e, a + X 

x X + e, a a + X + e 

are conjugate to each other (via turning x into x + e), so up to change of basis there is only 
one map on CFK°°{Ai) that could be lk- Without loss of generality, let lk be the first map 
above, so that 1 -|- is 


e I—>■ 0, X I—>■ e, a i-A X, 6, c i—)• 6 + c. 

We can use this to compute the knot invariants Vq and Vq. We see that 

= Z 2 {[U^x] : n < 0) © Z 2 {[b]) 

and = Z 2 ([t/"'x] : re < 0), so Vq = 0. Now consider the complex AIq. This chain 

complex breaks up into a direct sum of subcomplexes, the first two of which are illustrated 
in Figure [T^ The subcomplex containing the lowest graded elements, depicted on the left, is 
generated by the seven elements a, 6, c, Qx, Qa, Qb, and Qc. The next subcomplex, depicted 
on the right, is generated by ten elements, with differentials as shown in the figure; all 
further subcomplexes are identical to this subcomplex multiplied by The homology 

of the left subcomplex is Z 2 ([Qx], [Qa + c], [Qc\) and the homology of the right subcomplex 
is 7j2{[U~^Qx\, [x + U~~^Qc]). Observe that U[x + U~^Qc] = [Qc\. Therefore, 

H,(T/+)~r+©V©(Z 2 )(_ 1 ), 

where the towers can be taken to have lowest-degree elements [Qc] and [Qxj. We conclude 
that Vq = 1 and Fq = 0. 

8.3. The general case. Now let K be an arbitrary thin knot. We seek to determine the 
conjugation map lk on CFK°°(K). Let C be the model complex for CFK°°{K), described 
in Section [8Tl 

For a staircase complex, we dehne the standard staircase map to be the involution that 
exchanges x^ and x^ and hxes xq. Note that this is a genuine involution. 
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Given two squares {o, b, c, Ue} and {o', 6', c', U e'} such that the grading of a is {i,j) and 
the grading of a' is (j, i), we define standard square map on the pair to be the map 

a 1 -^ a', b ^ c', c I— )• b', e i-A e', 

a ^ a + e, c' ^ b, b' ^ c, e' i-A e. 


Note that this squares to the Sarkar involution (36) on the squares, which takes a i—>• a+e, 
a' I—>• a' + e', and is the identity on b, c, e, b', c', e'. 


Proposition 8.1. Let K be a thin knot. Up to a (grading-preserving) ehange in basis, 
there is a unique automorphism lk on CFK°°{K) that exehanges the i and j gradings and 
squares to the the Sarkar involution. 


Proof. Notice that because lk is a chain map that interchanges the gradings on CFK°° {K), 
if X is a basis element in a single grading, we must have d\,orz{i-K{x)) = iK{dwert{x)). This 
implies that = i-A^vert on CFK°°, and similarly ^vert^A = ^-A^horz- In particular, 

covertC^horz^A ~ Covert^Advert — ^'A^horz^vert — ^A^vert^horzj SO ix and ^vertf^horz ~ C^horz^vert 

commute. 

The idea of this proof is to split off pairs of square complexes related by the standard 
square map from the model complex C, until what remains is a staircase or (more interest¬ 
ingly) a staircase and a single square. 

Consider the set of elements {os} which lie at the initial corners of squares in the model 
complex C, so that 9horz'9vert(ns) = 9vert5horz(ns) 7 ^ 0. Recall that as are the only basis 
elements that are not mapped to zero by clhorz^vert- 

First, assume there is some in planar grading (f,j) such that i / j. Then iK{o) lies 
in planar grading {j,i) and has 5horz5vert(tA(n)) / 0. Therefore iK{o), written as a sum of 
basis elements each appearing once, contains an initial corner a' ^ a. We will use this fact 
to do a change of basis so that the square {a, 6 , c, C/e} is exchanged with another square 
complex by the standard square map on pairs. 

Let 9horz(a) = dvert(a) = c, and c?horz5vert(a) = Ue. Then consider lk{o). Since 
Lk is a chain map that interchanges the vertical and horizontal gradings, we observe that 
9horz(''A(a)) = lk{c), 5vert(''A(a)) = i^K{b), and 9horz5vert(''A(a)) = i^k{U e) / 0. Change 
basis by adding iK{a)-^a' to a', t_ft'( 6 )+clvert(a') to 9vert(a')> ''A(c)+9horz(a0 to (9horz(«0) 
ixiUe) + clvert9horz(a0 to Svert^horz(«0• This change of basis has the effect of changing the 
model complex C to C in which the squares {a, b, c, Ue} and {ii^(a), lk{c), Lxib), LK{Ue)} 
are interchanged by the standard square map. 

Our goal now is to split C<^'L2[U~^ , U] as {C^0Z2[U~^ , U])Q)(C‘^<Si'^ 2 [U~^, C])) such that 
each ^Z2[U~^, U] is preserved by lk, and is still a direct sum of square complexes and 
a single staircase. To do this, we must change basis again. Let be the direct sum of the 
squares {a, b, c, Ue} and {LK{a), lk{c), LK{b), LKiUe)}. Suppose there is some x £ C a. basis 
element not in such that lk{x), as a sum of elements in C in which each element appears 
at most once, contains lk{o). Then we change basis by adding a to x, so that lk{x + a) 
no longer contains LK{a). Of course, we should now add b to dhorzix), c to Overt(a^)) and 
e to OhorzOvert(a:). Repeating this process for other elements as necessary, we can arrange 
to have a complex C” in which there is no x 7 ^ o such that iK{o) appears nontrivially in 
lk{x). Consequently, there is also no y 7 ^ lk{o) such that a appears nontrivially in LK{y), 
because then iA(o) would appear in since iK{o) is now the only basis element with 

the property that lk applied to it contains a, nothing can cancel with this term. Next, we 
do similar changes of bases to produce a complex C" for which there is no basis element 



56 


KRISTEN HENDRICKS AND CIPRIAN MANOLESCU 


X ^ such that iK{x) contains b, c, d, Lxib), ixic), or Lxid) nontrivially, achieving our 
goal. 

We repeat the argument above, splitting off subcomplexes generated by pairs of squares 
with the standard square involution, until all square complexes remaining have initial cor¬ 
ners on the main diagonal. We may repeat the same procedure with any square whose 
initial corner a lies on the main diagonal which has the property that lk{o), expressed as a 
sum of basis elements each appearing once, includes an initial corner a' in C other than a. 

This leaves us with a set of initial corners {oi,..., ot} such that ixio-r) contains only ar 
and no other initial corner, for r = 1,..., t. (Of course, since 5horz5vert(^A'(ar)) = I'Ki^r) / 
0, ixiO'r) must contain at least one initial corner in C, since these are the only elements with 
^orz^vert / 0.) Suppose that the number of remaining squares, t, is at least 2. Without 
loss of generality (because of the tensor product with Z2[f7“^, C/]), each ar lies in planar 
grading (0,0). Then ei,... ,et must also lie in grading (0,0). Since we have already split 
off any other square complexes in pairs, we see that {ai,..., at, ei,... et, xq} are all of the 
basis elements in the grading (0, 0). Furthermore, 5horz5vert(tA:(ar-)) = ^orz'9vert(ar) = Ucr, 
so each Sr must be fixed by lk- Finally, because 5horz5vert(3:o) = 0, we see that as 

a sum of basis elements, cannot contain any a^. This implies that we know the following 
about the behavior of the involution in grading (0, 0). 

t t 

tKiSr) = er, tKiar) = ar +PrXo + '^'yres, LR (xq) = Xq +dsCg. 

s=l s=l 

Here each (3r,^r is either 0 or 1 as appropriate. This implies that 

t 

— ^Kiflr T fdrXQ T ^ ^ Tr 

s=l 

t t t 

= ar + f3rXo -b ^ Jr^s + PrXQ + /3r ^ ^ 7^6^ 

S=1 S=1 S=1 

t 

— Q-r “1“ /^r ^ ^ ^s^S‘ 
s=l 

However, by assumption is the Sarkar involution ?, so L\{ar) = a^ + e^. This implies 
that /3r- = 1, (5r = 1 and all other 5s are 0. Since r was arbitrary, this is a contradiction 
when t > 2. We conclude that t = 0 or 1. 

Therefore, we can always split off pairs of squares related by the standard square map 
until we have either a staircase complex Cm of step length one or a staircase complex Cm of 
step length one and a single square complex whose initial corner a lies on the main diagonal. 
(The first case occurs when the original complex had an even number of square summands, 
i.e. ro = 0 mod 2, and the second case occurs when the original complex had an odd number 
of squares, i.e. rQ = l mod 2.) In the first case, lk must be the standard staircase map. For 
the second case, without loss of generality xq and a lie in the grading (0, 0). An argument 
similar to the one given for the figure-eight knot in Section [8.2| shows that up to change of 
basis, the map lk in the grading (0, 0) must be 


a>-^a + xo, xo e-)■ xo + e, e i—)■ e. 
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Once this is established, the fact that lk is a chain map and interchanges the gradings 
completely determines the automorphism. There are four different cases, illustrated in 
Figures 21 and ^ 


In the hrst and fourth cases (shown in Figures 19 and|22[ respectively) we must have 

6 I—)■ c + xf, 
c ^ b + x\. 


Xg I Xg , 
Xg I y Xg , 


In the second and third cases (shown in Figures 20 and 21) we get 
xl !—>■ xf + U~^c, xl i-A xl for s > 1 , 

x\^ x\ + U~^b, x\ i-A for s > 1, 

This completes the description of the automorphism ik- 


b ^ c, 
c^b. 


□ 


In view of Theorem | 6 . 8 | and Proposition |8.1[ we have all the infor mat ion needed to 
calculate HFI~^ of large surgeries on thin knots. In particular, by Theorem 1.6 the involutive 


correction terms are determined by the values of Fq and for these knots. These values 
can be computed explicitly: 


Proposition 8.2. Let K be a thin knot. The invariants Vq and Vq associated to K depend 
on the sign and parity of t{K) and on the parity of rQ as follows. 

(1) //ro = 0 mod 2, we have the following cases: 

(a) If t{K) > 0, then Vo = Vo = Vo = n{K). 

(b) If t{K) < 0, then Vq = Vq = 0 and Vq = —n{K). 

(2) //ro = 1 mod 2, then we have the following cases: 

(a) If t{K) = 0, then Vq = 1 and Fq = = 0- 

(b) If t{K) > 0 and t{K) = 1 mod 2, then Fq = Fq = n{K) and Fq = n{K) — 1. 

(c) If t{K) > 0 and t{K) = 0 mod 2, then Fq = n{K) + 1 and Fq = Fq = n{K). 

(d) If t{K) < 0 and t{K) = 1 mod 2, then Vq = Fq = 0 and Fq = —n{K) + 1. 

(e) If t{K) < 0 and t{K) = 0 mod 2, then Fq = Fq = 0 and Vq = —n{K). 

Remark 8.3. Of course, the values of Vq for thin knots were already known. See |36| 
Corollary 1.5] for the case of alternating knots; the arguments there readily extend to all 
thin knots. We included Vq in the statement of Proposition |8.2| for easy comparison with 
Fo and Fq. 


Proof of Proposition 8.2. By Proposition 8.1 if ro = 0 mod 2 then it suffices to consider 


the case of a staircase complex. We obtain the same results as in case of L-space knots and 
mirrors of L-space knots. This proves Cases (la) and (lb). 

The more interesting calculation is when ro = 1 mod 2. Then, again by Proposition |8.1[ 
it suffices to consider the case of a staircase complex together with a single square complex 
on the main diagonal. If t{K) = 0 the staircase in question is a single point, and this is the 
complex for the figure-eight knot. By our computation in Section 8.2 we obtain Case (2a). 

The proofs of Cases (2b)-(2d) are computational, and are all variations on the same 
strategy. We will do Cases (2b) and (2c) in detail. 

Suppose that t{K) > 0 and r(it') is odd. This is Case (2b). The relevant portion of 
the knot Floer complex is illustrated in Figure 19 Observe that for this knot complex, 
H^{Aq) = Z 2 [t/“^]([x}]) ©Z 2 ([ 6 ]) and Fq = n{K). Therefore we will compare Fq and Fq to 
n{K) by computing the difference in gradings between the generators of towers in H^:{AIq) 
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Ue»< - 


Figure 19. A model complex for a thin knot with t{K) > 0, and t{K) and 
ro both odd. 


and the gradings of the elements x\ and Qx\. From the description of lk in the proof of 
Proposition |8.1| we see that the map 1 + is given by 

xo e-)■ e, 6 I—)■ (6 + c) + x\, 

a I—)• xo, c I—)■ (6 + c) + x|, 

We start by breaking the full involutive complex 

( CFK^ (A)[-1] © Q• CFK^ (A)[-1], 8 + Q-{I+ iK)) 

into the direct sum of three subcomplexes over Z2[17“^, U]. The first of these is generated 
by a model Z 2 -complex Ci with basis consisting of the elements x\+x‘l, xq, Qe, and U~^Qb. 
The nonzero differentials in this subcomplex are as follows: 

d^{U-^Qb) = Qe, 

9''(xo) = (x} + x^) + Qe, 

d'ix] + x^) = (x^+i + + (xj_i + x2_J for s even. 


f 12 

e i-A 0. 


This subcomplex is acyclic. 
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Our second subcomplex is generated by a model Z 2 -complex C 2 with generators 
Q{xl + x^), Qxq, a, and 6 + c. Here are the nonzero differentials: 

d‘'{a) = (6 + c) + Qxo, 

d‘'{xl) = Q{xl + Xg) for s odd, 

d‘'(b + c) = d'(Qxo) = Q{x\ + x\), 

5''(x]) = x\j^i + x\_i + Q{xl + xl) for s even, 

d'iQix] + Xg)) = for s even. 

The homology of this subcomplex is Z 2 [C/, + b + c]). 

Our third and last subcomplex is generated by a model Z 2 -complex generated by the 
elements b, Qa, C/e, Q{b-\-c), and Qx^g. It has nonzero differentials as follows: 

d^Qa) = Q{b + c), 

d^b) = Ue + Q{b + c) + Qxf, 

d^Qxl) = Qxl_^i + Qx^g_i for s even. 

The homology of this subcomplex is Z 2 [C/, U~^]{\Qx‘i\). 

Now we can investigate the homology of the intersection of each of these three com¬ 
plexes with AIq, i.e., we will look at those terms in the region of the (i,j)-plane given by 
max(C, j) > 0. The direct sum of these intersections will give AI^, and we are interested in 
the two infinite CZ-towers in its homology. 

First, consider the intersection of the subcomplex generated by Ci with AI^. For A: < 0, 
the complex U^Ci is contained in AI^. Since Ci is acyclic, it must be that neither of the 
two towers in H^{AIq) comes from Ci ® Z 2 [C/“^, U], 

Let us move to our second subcomplex € 2 - All nonpositive //-powers of C 2 are contained 
in AIq, and have homology generated over Z 2 by U~^[x\ + b + c\. However, the intersection 
of U -02 with AIq is generated over Z 2 by Ux], and UQ{x\ + Xg) for s > 2, with nonzero 
differentials as follows: 

d^{Uxl) = Ux\ -|- UQ{x\ + X 2 ), 
d^{Uxl) = UQ{x\ + x1) for s odd, 
d''{UQ{x\ + xl)) = UQ{x\ + xl), 

d''{Ux\) = Ux\j^i + Ux\_i + UQ{x\ + Xg) for s even, s > 2, 

d‘'{UQ{xl + Xg)) = U'Q(xl_f_i + Xg_f_i) + l7Q(xl_i + Xg_i) for s even, s > 2. 

This complex is acyclic. We conclude that the first inhnite tower in II^(AIq) has [xj -|-6-|-c] 
as the lowest degree element. 

We finally turn our attention to the subcomplex generated by C 3 . All negative //-powers 
of C 3 are contained in AI^ and have homology generated over Z 2 by [U~^Qxf\. However, 
the intersection of C 3 itself with AI^ loses Ue. That is, C 3 n AI^ is generated by b, Qa, 
Qx 2 , Q{b + c), and Qx^ with nonzero differentials as follows: 

d\Qa) = Q{b + c), 

d\h) = Q{b + c) + Qxf, 

d''(Qxg) = Qxg_f_i + Qxg_i for s even. 
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• <-• 


U-^b 


U-^a 


»< -• U c • 


Figure 20. A model complex for a thin knot with t{K) > 0, t{K) even, 
and ro odd. 


This is acyclic. This means that the second infinite tower in has \U~^Qxf\ as the 

lowest degree element. 

Recall that the tower in has [x}] as the lowest degree element, and Vq = n{K). 

Thus, the grading of [x} + 6 + c] in H^:{AIq) is one more than the grading of [x}] in H^:{Aq). 
Further, [x}] and [xf] have the same grading, so the grading of \U~^Qxf\ in H^{AIq) 
is two more than the grading of [x}] in Hj,{Aq). We conclude that V{K) = n{K) and 
V{K) = n{K) - 1. 

Now consider Case (2c), with t{K) > 0 and even, and vq odd. The complex CFK°°{K) 


is illustrated in Figure 20, Observe that for this knot complex, H^:{Aq) = Z 2 [t/ ^]([xo]) © 


Z 2 ([ 6 ]) and Vq = n{K). Therefore we will compare Vq and Fq to n{K) by computing the 
difference in gradings between the generators of towers in Hj,{AIq) and the gradings of the 
elements xq and Qxq . The map 1 + lk on this complex is given by 


a i-A xo, 
xo i-A e, 
e t-)- 0, 


x\^ x\ + x\ + U ^c, 
x\^ x\ + x\ + U~^b 
6 I—)• 5 + c. 


x\ ^ x\ + xl for s > 1 , 
xl ^ xi + xl for s > 1 , 


c i-A 5 + c. 


We start, as in the previous case, by breaking the full involutive complex 

{CFK^{K)[-l] © Q-CFK^{K)[-l], d + Q-{l + ik)) 

into the direct sum of four subcomplexes over Z2[17“^,C/]. The first of these is generated 
by a model Z 2 -complex Ci with basis consisting of the elements x], + x^, U~^Q{b + c), and 
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U ^Qa. The nonzero differentials in this subcomplex are as follows: 

d\U-^Qa) = U-^Q{b + c), 

d\x\ + xf) = U~^Q{b + c) + (x 2 + X 2 ), 

d'{xl + = {xl^^ + xl^^) + (x^_i + xl_^) for s odd, s > 1 . 

This subcomplex is acyclic. 

Our second subcomplex is generated by a model Z 2 -complex 6*2 with basis consisting of 
the elements Qa + c and e. The only nonzero differential is the following: 

d‘'(Qa + c) = e. 


This subcomplex is also acyclic. 

Our third subcomplex is generated by a model Z 2 -complex C 3 with basis consisting of 
the elements xj, Q{xl + x^), xq , U~^Qc and Qe. The nonzero differentials are as follows: 

9''(xo) = d''{U~^Qc) = Qe, 
d"{Q{x\ + xl)) = Q{xl + X 2 ), 

9''(xJ) = Q{xl + Xg) for s even, 

9''(xi) = X 2 + Q{x\ + xj) + xo + U~^Qc, 

d'iQixl + xl)) = Q(xJ+i + x^+i) + Q{xl_i + x^_i) for s odd, s > 1 , 

9''(xJ) = xj_,_;^ + x\_i + Q{x\ + xl) for s odd, s > 1 . 

The homology of this complex is Z2[17“^, C/]([xo + U~^Qc]). 

Our final subcomplex is generated by a model complex with generators Qx\,Qxo,a, 
and 6 + c. Here are the nonzero differentials: 

S'" (a) = (6 + c) + Qxo 
d''{Qx\) = Qx\ + Qxq 
d''{Qx\) = Qx\j^i + Qx\_i for s odd, s > 1. 

The homology of this complex is Z2[17“^, C/]([(3xo]). 

We now turn our attention to the homology of the intersection of each of these four 
complexes with AI^, to wit, the region of the plane with max(z,j) > 0. The direct sum 
of these intersections gives AI^. As before, we are interested in hnding the two infinite 
[/-towers in its homology. 

First, consider the intersection of Ci with AI^. For k > —1, U^Ci is contained in AI^. 
Since Ci is acyclic, neither of the two towers in H^{AIq) comes from Ci ( 8 > U]. By 

similar logic, neither of the two towers comes from C 2 ( 8 > 1 i 2 [U~^, U]. 

Now let us consider our third subcomplex, generated by C 3 . All nonpositive [/-powers 
of C 2 are contained in AIq , and have homology generated by U~^[xo + U~^Qc]. However, 
the intersection of [/ • (72 with AI^ is generated over Z 2 by Uxl, UQ{x\ -|-x^), and Qc, with 
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nonzero differentials as follows: 

d\UQ{x\ + xl)) = UQ{xl + xl), 
d\Ux].) = UQ{x\ + xl) for s even, 
d\Ux\) = Ux\ + UQ{x\ + xj) + Qc, 

d\UQ{x\ + xl)) = UQ{xl_^_l + Uxl_^_l) + UQ{xl_i + Uxl_i) for s odd, s > 1, 
d\Ux].) = Ux].^i + Ux\_i + UQ{x\ + xl) for s odd, s > 1. 

The homology of this complex is generated over Z 2 by [Qc\. Since U[xq + QU~^c\ = [Qc], 
we conclude this element is part of the first infinite tower. Finally, the intersection of 
■ C 2 with AIq is generated over Z 2 by U‘^x\, QU‘^{x]. + with s > 2, and has nonzero 
differentials as follows: 

d‘'{U‘^Q{x\ + x|)) = U‘^Q{x\ + X 4 ), 

d‘'{U‘^x\) = U‘^Q{x\ + xl) for s even, 

d‘’{U‘^x\) = U‘^x\ + U‘^Q{x\ + x|) 

d‘'{U‘^Q{xl + xl)) = U'^Q(xl_^_l + + U^Q(xl_i + x^.^) for s odd, s > 3, 

d‘'{U‘^xl) = U‘^xl_^_l + U‘^xl_i + U‘^Q{xl + x^) for s odd, s > 3. 

This complex is acyclic. We conclude that the bottom element of the first infinite tower in 
H,{AI+) is [Qc], 

Finally, we turn our attention to the fourth subcomplex, generated by C 4 . Every nonpos¬ 
itive [/-power of C 4 is contained in AIq and has homology generated over Z 2 by U~^[Qxo]. 
However, U ■ C 4 is generated over Z 2 by the elements UQx\, with nonzero differentials as 
follows: 


d^QxX) = Qx\ 

d^Qxl) = Qx\_^i -|- Qxl_i for s odd, s > 1 . 


This complex is acyclic. We conclude that the bottom element in the second infinite tower 
in H^{AI'^) is [Qxq]. 

Now, recall that the tower in H^{Ao) has [xq] as its lowest degree element, and Vq = n{K). 
The grading of [Qc\ in H^{AIq) is one less than the grading of [xq] in and the 

grading of [Qxq] in H^:{AIq) is equal to the grading of [xq] in We conclude that 

V{K) = n{K) + 1 and V{K) = n{K). 


Cases (2d) and (2e) are pictured in Figures 21 and 22, respectively. We leave the com¬ 
putations in these cases to the interested reader. □ 


Proof of Theorem This is now a simple consequence of Proposition 


account the relation r = —a{K)l2 for alternating knots, the identities (32), (33), (34) and 
(35), as well as the fact that a knot has Arf invariant 0 if and only if H = ±1 (mod 8 ). □ 


8 . 2 , taking into 


Proof of Corollary [H We use the following Z 2 -homology cobordism invariants of Z 2 -homology 
spheres Y: d, d, d, and the (generalized) Rokhlin invariant 


TiY) G -Z 


(mod 2Z) 
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Figure 21. A model complex for a thin knot with t{K) < 0, t{K) odd, 
and ro odd. 



Figure 22. A model complex for a thin knot with t{K) < 0, t{K) even, 
and ro odd. 
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from [3]. If y = Sp{K) for p > 0 odd, Proposition 3 in [T] says that 

= g(l-p) + Arf(K) (mod2Z). 

In our case, if Sp{K) and Sp{K') are Z 2 -homology cobordant, we see that K and K' 
have the same Arf invariant. Further, in view of Equation Q and Theorem |1.6[ the values 
of d, d and d for p-surgery on a knot are determined by the values of (Vo,Vo,Vo) for that 
knot. It follows that K and K' have the same triple of values By inspecting 

the tables in Theorem 1.7, we conclude that K and K' have the same signature. □ 


Remark 8.4. The results in Theorem 1.7 and Corollary |1.8| apply equally well to quasi- 
alternating knots. 
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